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SOME THEOREMS ON ABSOLUTE SUMMABILITY 
M. S. MACPHAIL 


A summation method defined by the linear transformation 
@ 


A: Ye = Do Grex 
k=O 


will be called an /-1 method if }>\y,| < @ whenever >"|x;| < ©; if in addition 
we have >-y, = >}>x; whenever >>|x;| < © we shall say the method is absolutely 
regular. (It should be observed that we are dealing with series-to-series 
methods, not sequence-to-sequence as usual.) It was shown by K. Knopp 
and G. G. Lorentz [3] that a necessary and sufficient condition for A to be an 
Ll method is that there exist a constant M such that 


(1) D lan| < M (k = 0,1,...), 


and a necessary and sufficient condition for absolute regularity is that in 
addition to (1) the equations 

> @n = 1 (k = 0,1,...) 
hold. 

The purpose of this note is to point out that the procedure developed by 
S. Mazur [5] and S. Banach [2, p. 90-95] for use with regular methods in the 
ordinary (Toeplitz) sense can readily be adapted to the /-] methods, and yields 
a result of considerable generality (Theorem 1). We also consider methods 
effective for the class of series }-u, such that }-u,2* has its radius of conver- 
gence greater than a given value R, obtaining results related to those of R. P. 
Agnew [1], and conclude with the application to Euler-Knopp summability. 

Suppose now that y, = 5°,¢,4x, is an /-l method. We denote the sequences 
{xz}, {ye} by x, y, and denote by (A) the set of all sequences x such that 
y € 1, that is, S|y:| << @. For each x € (A) we define A(x) = Dy,. We 
represent the column totals of A by a, = }.4,4(k = 0,1,...); then |a;| < M, 
and if x € 1 we have A(x) = > a,x,. 

Similarly, if z, = 5°45,.x, is another -] methoc we write B(x) = >} 2z, for 
x € (B). 

If (B) > (A) we say that B is absolutely not weaker than A, and write 
simply B > A. 

If B(x) = A(x) for x € (A) . (B), we say B is absolutely consistent with A. 

If >-b-, = ax, so that B(x) = A(x) for x € l, we write B ~ A. 

The method A is said to be reversible if for each y € | the equations y, = 
> .4-4x, have a unique solution x € (A). 


Received August 10, 1950. 
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The method A is said to be of type M*, if for every bounded sequence {6,} 
the conditions 


(2) LX 44% = 0 (k = 0,1,...) 
imply 
(3) ,=0 fk} eee & 


(The usual definition of ‘type M”’ requires that (2) imply (3) for every sequence 
{@,} € 1.) We shall use the following equivalent formulation of type M*: for 
every bounded sequence {t,} the conditions 


L tan = X are (k = 0,1,...) 


imply 
tj = 1 (7 = 0,1,...). 


THEOREM 1. In order that a reversible l-l method A be absolutely consistent 
with every l-l method B such that B > A, B ~ A, it ts necessary and sufficient 
that A be of type M*. 


Remark. It is not necessary that A be normal (that is, a,, = 0 (Rk > 1), 
a,, # 0) or regular. 


Proof. (i) Necessity of the condition. Suppose A is not of type M*, and 
let {t,} be a bounded sequence, with some #, ~ 1, and such that },/,2,, 
= > a,x, for each k. Now choose 7 € / such that }t,9, # }-9,; then since 
A is reversible there is a unique sequence # € (A) with 7, = }-4a,,%,. The 
method T = (t,a,,) is an /-l method with T > A, T ~ A, but 7(2%) # A(2). 

(ii) Sufficiency of the condition. We have to show that if A is of type M* 
and B > A, B ~ A, then B(x) = A(x) for each x € (A). We note first that 
if B > A, then B(x) is a linear functional of y. For since A is by hypothesis 
reversible, each term 2, of x is a linear functional of y [2, p. 49]. It follows 
that z- = >°.b,4x, and B(x) = >-z, are also linear functionals of y [2, p. 23, 
Theorem 4]. Thus corresponding to each /-] methed B > A, there is a bounded 
sequence {t,} such that [2, p. 67] 


(4) B(x) = Lt, 
for each x € (A). 
Now, if B ~ A it follows from (4), by considering the sequences 
BGGiood GELS veds coor 
that 
Dd Gre = D tore (k = 0,1,...); 
then since A is of type M*, we have t, = 1. Hence B(x) = Sy, = A(x) for 


each x € (A). This completes the proof. 
For simple examples of methods which do or do not belong to type M*, we 
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may observe that the matrix giving the series-to-series form of the (C,1) 
method, namely 


1/(1.2) 
1/(2.3) 2/(2.3) 
1/(3.4) 2/(3.4) 3/(3.4) 


oo coc = 


is of type M*, while the matrix 


So SO wr wh 
SC wie wi 
im 


$+ 3 


is not of type M*, though it is of type M. 

It is also interesting to consider the situation where ap = a; =... = 0 
(so that A is a “multiplicative zero” method). In this case A is not of type M*, 
since we may take t, = 2; and since A is reversible it is easily seen that (A) 
properly includes /, and that A is not absolutely consistent with the method 
B = 2A which has B > A, B~ A. 

We now introduce the class C(R) (where R > 0) of sequences { wx} such that 
du,2* has its radius of convergence greater than R. We shall use the trans- 
formation 


G: y= x OrkUe- 


R. P. Agnew [1] found necessary and sufficient conditions on the matrix 
G = (g-«%) in order that y = { y,} should converge whenever u = { ux} € C(R). 
By an easy application of the preceding work we shall find necessary and 
sufficient conditions on G in order that y € / whenever u € C(R), and shall 
show that “type M*” enters in the same way as before. 

If y € 1 whenever u € C(R) we shall speak of G as a C(R) — 1 method. If 
in addition }-y, = >>, we shall say that G is regular [C(R) — J]. 

THEOREM 2. A necessary and sufficient condition fer G to be a C(R) —l 
method ts that the inequalities 


(5) x lgre| < M(p)p* (k = 0,1,...) 
hold for each p > R, M(p) being independent of r,k. A necessary and sufficient 
condition for G to be regular [C(R) — I] is that in addition to (5) the equations 

Dd gre = 1 (k = 0,1,...) 
hold. 


Remark. It is easily seen by a change of variable that the case R = 1 gives 
conditions under which a power series is absolutely summable within its 
radius of convergence. 
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Proof. Let l(p) (p > 0) be the set of all sequences {u,} such that Su,* 

converges absolutely. Then 

C(R) = U Kp). 
e>R 

Now /(p) may be put in one-to-one correspondence with / by letting { us} € lp) 
correspond to { unp*} €l. In order that (g,4) be an I(p)-l method it is 
necessary and sufficient that (g,;/p*) be an /-/ method, or that -,|g,%/p*| <_M(p) 
[see equation (1)]. For (g,,) to be a C(R) — / method, this must hold for 
all p> R. This gives (5), and the second part of the theorem is easily 
obtained. 

In order to extend Theorem 1, we define absolute consistency, and the 
notation H > G,H ~G, as before. It is easily verified that if G is a C(R)—l 
method and 7, = > >-g,x for each k, we have G(u) = > -y,u, for each u € C(R). 
Then if H is another C(R) — 1 method with H ~ G, that is, },4,, = ys for 
each k, it follows that H(u) = G(u) for each u € C(R). 


THEOREM 3. In order that a reversible, C(R) — 1 method G be absolutely 
consistent with every C(R) — | method H such thatH > G,H ~ G, it és necessary 
and sufficient that G be of type M*. 


The proof, which follows exactly the proof of Theorem 1, is omitted. 
We conclude by considering the Euler-Knopp series-to-series method €(p) 
given by 


Ye = 2 Grrl — 2) *ue. 
We shall show that if R > 1, a necessary and sufficient condition for E(p) to 


have the property that 5", is absolutely summable €(p) whenever { u,} € C(R), 
is that 





(6) |p/R| + |1 — p| <1. 
(The same formula holds for ordinary summability; see [4]). We have 
_f@era — p> (k <1) 
fe = 10 (k > 1). 
Then 2 level = leit? XG) It — pl 
\p|** k 
= <M : 
i-1-a" 
for each p > R, if and only if 
ll <p 
1 — |1 — pl 


which gives (6). The result now follows by Theorem 2. Finally we shall 
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show that €(p) is of type M* for all values of p such that |1 — p| < 1. Follow- 
ing Mazur (5, p. 49-50] we assume that {@,} is bounded, and that 


(7) 2 Orbe = ptt 2X or) (1 — p)* =0 (k = 0,1,...). 


Consider the function 


f(z) = Zz 6,2", (\2| < 1). 
r=0 
We have 


f(s) =k! ¥ 6, (f) 2” * = 0 
r=k 
when z = 1 — p, by (7). Hence 0, = 0 (r = 0,1,...), and so &(p) is of 
type M*. 


REFERENCES 


1. R.P. Agnew, Summability of power series, Amer. Math. Monthly, vol. 53 (1946), 251-259. 
2. S. Banach, Théorie des opérations linéaires (Warsaw, 1932). 
3. K. Knopp and G. G. Lorentz, Beitrdage zur absoluten Limitierung, Archiv der Mathematik. 
vol. 2 (1949), 10-16. 

4. M.S. Macphail, Euler-Knopp summability of classes of convergent series, Amer. J. Math., 
vol. 68 (1946), 449-450. 

5. S. Mazur, Eine Anwendung der Theorie der Operationen bei der Untersuchung der Toeplitz- 
schen Limitierungsverfahren, Studia Mathematica, vol. 2 (1930), 40-50. 


Carleton College, Ottawa 

















EXTREME FORMS 


H. S. M. COXETER 


Contents 
Page 
1. Introduction - - - - . ° . . . i - 391 
2. Perfect and eutactic forms - - - - . . ° ° - 395 
3. The point-lattice representing a class of forms - : : . ° - 398 
4. Eutactic stars of vectors - - - - ° . . ° - 401 
5. Reflexible forms - - - . . . ° e . - 402 
6. The minimal vectors - : : . ° . e . - 407 
7. The point-lattices and their vertex figures - - - . . - 413 
8. The use of an orthogonal basis_— - - - - : ° . - 416 
9. Automorphs - - - : . ° ° " ° . - 421 
10. The enumeration of simple Lie groups - - - - - : - 422 
11. Determinants - - : . e « ° . . - 426 
12. The forms A,” - : . . . . ° . . - 427 
13. The forms C,? and D,? - . . - . ° . ‘ - 432 
14. The form E,* - - . . . : . . ° - 435 
15. Conclusion - - - - : ° . . . * - 438 
References - - - ° ° ° ° e ‘ . - 440 


1. Introduction. The two ternary quadratic forms 
G=x2+y¥4+ 2 — ys —xy, oo = Fx? + Qy* + Be? + Qys + ox + xy 


are said to be reciprocal (to each other) since their coefficients form inverse 
matrices: 


1 —} 0 ae } 
—4 1 —#$}, 1 2 1 
0 —-}3 1 } 1 3 


The corresponding determinants A are $ and 2. These forms are positive 
definite, since their values are positive for all values of (x, y, z) except (0, 0, 0). 
Their minimum values M for integers x, y, z (not all zero) are 1 and 3/2. 
These minima are attained for the following sets of values of (x, y, z): in the 
case of ¢, 


(1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,1,1), @,1,1) 
and the same with signs reversed; and in the case of ¢’, 
(1, 0, 0), (1, —l, 0), (0, Re —1), (0, 0, 1) 


and the same with signs reversed. Accordingly we say that the number of 


representations for the minimum (not distinguishing opposites) is s, where 
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s = 6 for @ and s = 4 for ¢’. These representations are the coefficients of 
x, y, z in linear forms 


xy 2 ety xtytsyt+2 (for ¢) 

and x,x—-y,y—2,2 (for ¢’) 
whose sums of squares are 

xt $y? + 2? + (x + yy)? + (x +9 + 2)? + (y + 2)? = 2¢’, 

+ (x— 9)? + (9-2? +2 = 29. 


Such a form, whose reciprocal is the sum of positive multiples of the squares 
of its “minimal” linear forms, is said to be eutactic. 
The above form ¢ is the only quadratic form ¢(x, y, z) such that 


¢(1,0,0) = ¢ (0,1,0) =¢ (0,0, 1) = ¢ (1,1,0) = o(1,1,1) = ¢ 0,1, 1) =1. 
To see this we write 

(x, ¥, Z) = yx? + adozy® + a2” + Zaosyz + Zagex + Zarory, 
and obtain for the six unknown coefficients the six equations 


Qi, = Ge2 = O33 = G43 + G22 + 2ai2 = Ay; + G22 + G33 + 2a03 + Zag, + 2ar2 
Q22 + G33 + 2423 = 1, 


Il 


which imply 
Qi; = Geo = G33 = 1, 2ai2 = 2a23 = —1, an, = 0. 


Thus ¢ is determined by its minimum and all the representations of this 
minimum. Such a form is said to be perfect. The reciprocal form ¢’ is not 
perfect, since it provides only four equations for the six coefficients. In fact, 
a necessary condition for an m-ary form to be perfect is 


RJ s > 4n(n + 1). 


It is interesting to see how a form is affected when the coefficients are in- 
finitesimally changed. For instance, if exx is added to ¢, the minimum 
remains 1 (so long as « is small and positive), but A is increased by }¢(1 — e). 
In fact, this form has the property that any small change, not affecting M, 
will increase A. On the other hand, if ezx is added to ¢’, M remains 3/2 while 
A is decreased by }¢. We express this difference of behaviour by saying that 
¢ is an extreme form, but ¢’ is not. 

We do not know whether every perfect form is extreme. But Korkine 
and Zolotareff (32, pp. 248-251] proved that every extreme form is perfect, 
and Voronoi [42, pp. 126-128] proved that every extreme form is eutactic. 
Conversely [42, pp. 128-130], every perfect eutactic form is extreme. (The 
form ¢’ is eutactic but not perfect, and therefore not extreme.) It seems to be 
a reasonable conjecture that every eutactic form with s > 4n(n + 1) should 
be extreme; but this has not been proved. 





i a | 
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The above properties of a form are not changed when we apply to the 
variables a linear transformation of determinant + 1 with integral coefficients 
[1, pp. 270-273] so as to obtain an equivalent form; e.g., ¢ is equivalent to both 


e+ (—2)? + ¥ — (—2)y — x(—2) = 2+ + P+ yt + x 
and 


(—x)°+ (9 + 2)*+ 2 (y + 2) — (—2)(y + 2) = att + P+ 98 + ox tery 


[41, pp. 150-151]. It is sometimes convenient to extend the definition of 
equivalence so as to include the result of multiplying the given form by a con- 
stant c. Then M is multiplied by c, and A by c", but the combination M*/A 
remains invariant. In this sense, the reciprocal form is equivalent to the 
“adjoint” form (whose matrix is adjoint to that of the given form). 


Equivalent forms are said to belong to the same class. Gauss [23] observed 
that every binary extreme form is equivalent to x*— xy + y*, and that every 
ternary extreme form is equivalent to @ Korkine and Zolotareff [30; 31; 32] 
proved that there are just two classes of quaternary extreme forms and three 
classes of quinary extreme forms. 

Gauss used a lattice in Euclidean n-space to represent any positive definite 
form, and showed that the corresponding point-lattice represents the class of 
equivalent forms. The case of 3-dimensional lattices and ternary forms has 
been very beautifully developed by Niggli [32a], who observed that reciprocal 
forms are represented by reciprocal lattices [20]. (A similar remark about 
“polar” forms had already been made by Bravais [4a].) In particular, the 
ternary forms ¢ and @’ yield the face-centred and body-centred cubic lattices, 
i.e., the ordinary cubic lattice plus the centres of its square faces or its cubic 
cells, respectively [5, p. 492]. 

Blichfeldt [2] observed that spheres of diameter M? centred at all the points of 
Gauss’s lattice constitute a non-overlapping system or packing of spheres, and 
that extreme forms correspond to packings that are rigid in the sense that the 
“solid’”’ spheres cannot be displaced without increasing the total content 
occupied by them. In fact, the elementary cell of the lattice has content A}, 
and therefore the requirement for a rigid packing is that any infinitesimal 
variation of the coefficients (leaving M unchanged) will increase A. 

A systematic notation for a large family of eutactic forms, mostly extreme, 
is suggested by the classification of compact simple Lie groups. Cartan [9, 
pp. 216-228] used a discrete group generated by reflections to represent the 
local structure of such a continuous group. Stiefel [40, p. 374] showed that 
the various locally isomorphic Lie groups can be distinguished by considering 
the point-lattices that are invariant under the discrete group. This classi- 
fication is worked out in detail in §10. Since one lattice may arise from several 
different discrete groups (see 10.6), the list of lattices is considerably shorter; 
in fact, these are the Gauss lattices for the following forms: 
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An= xP— X1%2 + Xe? — Xel— +... — Latta + Xn’, 

A,’ = An-1 — XoXn + $q(1 — r~")x,” (n = qr —1>1,7r>1), 
Ca = 2An — Xn? = xy + (x1 — %2)® + (X2 — Xs)? +. . + (Xn — Xn)’, 
Ci? = x2 — Xitq + XP — Kota +... — Xn—1%n + 5mx,’, 

Dy = An-1 — Xn-2%n + Xn’, 

D,? = Da-1 — Xn-1%n + }nx,? (n even), 


Ee = Ag — XsX%6 + xe’, 
E.* = As —_ $x,?. 


We shall find that the reciprocals of these forms are equivalent to A,”*', 

n*, Ca, Dn, Cr, D,?, Ee’, Es, respectively. All of them are eutactic; all 
except A,"*! (nm > 2), As*, As’, Cn, Cn? (n ¥ 4), D2, Dé are perfect, and there- 
fore extreme. 


In particular, A», D,, D,”, Es, A7, As* are equivalent to the 
Un Va. Wa %, YY, Z 


of Korkine and Zolotareff. On the other hand, their 7, is of an entirely 
different nature; in fact, many extreme forms with m >7 are beyond the 
scope of the present treatment. 

The new senary form £,? is interesting for two reasons. First, its 27 pairs 
of minimal vectors correspond to the 27 lines on the general cubic surface 
(see §14). Second, it corroborates the number of extreme senary forms as 
computed by Hofreiter [28], but reveals a serious mistake in his work. Con- 
cerning his fourth form “F;,,”’ for which M = 2 and A = 3? 53/23, the late 
Professor Blichfeldt wrote (in a letter dated May 18, 1944): 


I am certain that he made an error in §4, pp. 136-9, where he attempts to extend to 6 
variables the form Z given by Korkine and Zolotareff. 


We now see that Blichfeldt’s skepticism was justified: 3E,* (with M = 2) 
has A = 3°/2°, so Hofreiter’s incredible factor 53 is replaced by 36. (In fact, 
“F,” is neither perfect nor eutactic.) 

Chaundy [10] reserves the title “extreme’’ for those forms which give 
M"/< its greatest possible value for each m: an absolute maximum instead of a 
relative maximum. When m < 6, so that the extreme forms are all known, 
these absolutely extreme forms can be picked out at once. Blichfeldt [2] and 
Chaundy carried the work farther, so we know now that the absolutely ex- 
treme forms for m < 9 are Korkine and Zolotareff’s 


Ui, U2, Us, Vs, J bs XxX, Y, Ws, Ts 


(with a modicum of doubt in the last case, because Chaundy’s argument is 


not quite valid). When these are adjusted so that M = 2, their determinants 
are 











n), 


n+1 


all 


ere- 


rely 
the 


airs 
face 


5 as 


late 


nt is 
ants 





EXTREME FORMS 395 


O’Connor and Pall (33, p. 329] have observed that the absolutely extreme 
forms for m < 8 (adjusted so that M = 1) are integral positive forms of least 
possible determinant for each m. Such integral forms for m > 8 are no longer 
necessarily extreme; but we shall find some extreme ones in §12. 

The absolutely extreme forms provide the densest packings of equal spheres 
whose centres form a lattice [2]. But the densest packings without this 
restriction on the centres present a far more difficult problem, which has only 
been solved in two dimensions [4la; 39a]. Already in three dimensions [la] 
there is a non-lattice packing just as dense as the cubic close-packing which 
represents the form ¢. It is therefore conceivable that some irregular packing 
might be still denser. 


2. Perfect and eutactic forms. Let >> a;;x‘x’ be a positive definite quad- 
ratic form in m variables; let M be the smallest value taken by the form for 
integers x‘, not all zero; and let A be the determinant of the coefficients aj 
(= aj). The form is said to be extreme if the ratio M*/A decreases (or remains 
constant') for every small change in the coefficients [31, p. 368]; that is, if 
M is maximum for a variation keeping A constant, or A is minimum for a 
variation keeping M constant. 

Suppose the form attains its minimum M for the 2s sets of values 


(x!,...,2") = + (m"™,... , m™) (k =1,...,5). 


Waiving the distinction between opposites, we call these s representations of 
the minimum. The form is said to be perfect if it is uniquely determined by 
the value of its minimum and all the representations [42, p. 100]. If another 
form >>> (ai; + 5;;)x*x’ had the same minimum and representations, we would 


find 

LU (ai + bi;)m*m* = LYVaym*m*. 

» ‘J 
Hence, a necessary and sufficient condition for a perfect form is that the s 
linear equations 
2.1 <dm"*m*"*d,;; = 0 (k = 1,...,8) 
(for the $n(m + 1) unknowns );; = 5;;) imply 

b;; = 0 2 = b..c gM 


i.e., that the matrix of coefficients m“*m**, having 4n(n + 1) rows and s columns, 
is of rank 4n(m + 1). Another way of putting it is that there is no quadratic 
equation 


LLDbin'x’ = 0 
satisfied by all the s sets of values (x',..., x") = (m™,..., m™*). 


!This alternative is introduced because Theorem 2.9 makes it desirable to include the unary 
form a1;(x')? among the extreme forms. 
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Thus 1.1 is a necessary condition for perfection. 


Along with >> >-aix*x’ we consider the reciprocal form > >-a%x,x;, whose 
matrix is inverse to that of the original form, so that the cofactor of ai; in A 
is Aa’. The form >> aix*x’ is said to be eutactic if there exists s positive 
numbers pi, ..., o, such that 


2.2 Lem" xi)? = DL Vatag;. 


In other words, a necessary and sufficient condition for a eutactic form is that 
$ positive p’s can be found to satisfy the 4n(m + 1) linear equations 


Ss 
2.3 > m*m*p, = a". 
k=1 

The above condition for a perfect form implies that the equations 2.3 can 
be solved. But this does not suffice for a proof that every perfect form is 
eutactic, since we have no guarantee that a positive solution exists. Actually, 
for every known perfect form in less than nine variables there is a solution 
with the p’s all equal (and therefore certainly all positive). Nor can we con- 
clude that every eutactic form satisfying 1.1 is perfect: we would be assuming 
that the equations 2.3 are independent. 

The above condition for a eutactic form is not very convenient in practice, 
as it demands knowledge of the reciprocal form.. This disadvantage can be 
overcome by expressing the given form as a sum of squares, say 


2.4 (€")? + (@)? +... + (€")*, 
where 
2.5 f= Ddxi (@=1,...,m). 


Then the reciprocal form is simply £7 + £7 + ... + &”, where &; is related to 
x; by the equations 


xj = Dok; tf @ 4,00 


Considering integral values of x‘, we may suppose that the form attains its 
minimum M for the values 


(#,...,8") = + (p*,... , w™) fae 
Since u** = > cm*, we have 
De® = CO m*jt;s = Dmi*x;. 


Hence, a necessary and sufficient condition for the form >" (é*)? to be eutactic 
is 


2.6 Der(Lvé:)? = Dé?, px > 0. 


In other words, the n(n + 1) equations 











tic 





SS a 





EXTREME FORMS 397 


2.7 > wi u* py, = 5% 
k=l 
must have a positive solution p;,... , ps. 


For instance, to verify that the form ¢’ of §1 is eutactic, we observe that 
the expressions 


Pext+ext) Pa xt + Qet+ x3 ft = xy! — x! 
yield integral x’s whenever the ¢’s are integers of like parity. Thus the 


ternary form (£')* + (#)* + (£*)? attains its minimum M = 3 for the values 


(é, &, &*) - (+1, +1, +1) (s = 4); 
and 2.6 becomes 


$20 (&:1 + 2 + &s)* = Ey + EP + E,*. 


Voronoi [42, pp. 126-130] proved an important theorem which can now be 
expressed as follows: 


2.8 A form is extreme if and only if it is both perfect and eutactic. 


Here is a somewhat simpler proof [cf. 32, p. 244] of one half of this theorem, 
namely: 


2.9 Every perfect eutactic form is extreme. 


Let the coefficients of the form > }va;x‘x’ be slightly varied, say from aj; 
to ai; + edi; (€ > 0), in such a way that their determinant A remains constant 
while the 5’s do not all vanish. The constancy of A implies 


det (ai) = det (ai + bij) = det (ay) + DYeAady; + O(e), 


whence > >°a%b;; = O(e). Since we are interested in arbitrarily small vari- 
ations, we make ¢ tend to zero and conclude that 


Tre"; = 0 
Since the form is eutactic, we can use the expression 2.3 for a’, so that 
Ss 
L (LX m*m**;;)px = 0, 
k=1 
where the p’s are all positive. Since the form is perfect, the equations 2.1 have 
no non-trivial solution; hence there must be at least one value of k for which 
Em *m'"*d,; < 0. 
For such a k, since e > 0, 
LU (es + bij)m*m* < LL agm*m*. 


Thus the modified form } > (ai; + ¢b:;)x*x’ attains a value less than M. Since 
the variation was arbitrary, this shows that the given form }> > a;;x‘x’ has a 
greater minimum than any neighbouring form, i.e., it is extreme. 
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3. The point-lattice representing a class of forms. The expression 2.4 may 
be interpreted, in Euclidean n-space, as the square of the distance from the 


origin to the point with rectangular Cartesian coordinates (#',..., #"), or 
as the squared magnitude of the vector 

D Epis 
where pi,..., Pn are unit vectors along the Cartesian axes. The equations 
2.5 enable us to express the same vector as }-x’t;, where 
3.1 t; = Capi. 


Thus the numbers x’ are the contravariant components of this vector, referred 
to the m vectors t; as a covariant basis [17, pp. 178-180]. In other words, 
the point having Cartesian coordinates (#',...,£&) has affine coordinates 
(x*,...,2"). Since 


Drage’ = D(eH)*= (Le ps)*= (Cx't;)*= TY xv; - t;, 


the coefficients of our original form are the inner products of pairs of basic 
vectors: 


3.2 ay = t; ° t;. 

The set of vectors >> x*t;, where the x’s take all integral values, has the 
property that the difference of any two of its members is a member. In other 
words, the vectors t; generate a Jattice [26, p. 26]. Thus any positive definite 
quadratic form determines a lattice. Conversely, any lattice (with a given 
basis) determines a positive definite form > >-(t; - t;)x*x’, and different bases 
determine equivalent forms (6, p. 30]. For instance, the lattice of unit squares 
may be generated by perpendicular unit vectors p; and ps», or equally well by 
Pi: — P2and pe. The corresponding forms are 

(x*pi + x*p2)? = (x')* + (x*)? 
and 
{x*(pi — ps) + x*po}® = {x'p: — (x! — x*) po}? 
= (x!)? + (xt — x4). 


In other words, there is a point-lattice for each class of equivalent forms. 


Along with the covariant basis t,,..., tn, we shall find it desirable to use 
the contravariant basis t',..., t", where 
t'-t; = 3 


(which means that t* is perpendicular to every t; except t;, and t*- t; = 1; 
see [27a] or [17, p. 180]). The vector >> x‘t; may now be expressed as }-x;t*, 
and its squared magnitude is the reciprocal form 

(X xt)? = FY avxe;, 


where 
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ai = ti. ti, 


The corresponding lattice, based on the vectors t*, is reciprocal to the lattice 
based on the vectors t; [17, p. 181]. Hence 


3.3 Reciprocal forms are represented by reciprocal lattices. 


All bases for a given point-lattice provide elementary cells (or period 
parallelotopes) of the same content. This is the geometrical counterpart of 
the fact that equivalent forms have the same determinant. For, the parallelo- 
tope spanned by the vectors t;,..., tn has content A. This can be proved by 
induction over m, as follows. (It is obvious when m = 1 and A = a;.) Assum- 
ing the same result in m — 1 dimensions, where A is replaced by the cofactor 
of Gan, which is Aa™", we have (Aa)? for the content of the parallelotope 
spanned by t;,..., ta—s1. To obtain the content of the »-dimensional parallelo- 
tope we must multiply this by the “‘altitude,”’ which is the projection of t, on 
the direction perpendicular to all of t;,..., ta_:. Since the unit vector in that 
direction is (a"")~*t*, the projection is 


(a™™)-*¢* . t, = (a™*)-4, 


and the desired content is (Aa™")*(a™*)-* = At. (For a direct proof, using 
2.5, 3.1, 3.2 and a Jacobian, see Bachmann [1, pp. 273-275].) 


A fundamental region for the translation group T, generated by the vectors 
t:,..., tn, may be chosen in various ways; e.g., it may be the parallelotope 
spanned by these m vectors or by the basic vectors of any equivalent lattice 
(determining the same point-lattice). Fricke and Klein [22, pp. 108, 216] con- 
structed a unique “standard” fundamental region, symmetrical about the 
origin. This is a polytope consisting of all points that are at least as near to 
the origin as to any other lattice point (y',...,y"). Clearly, the aggregate 
of such polytopes surrounding all the lattice points is a honeycomb filling the 
whole space without interstices. Since the distance between points (x', . . . , x”) 
and (y',..., 9") is 


{Xx — »)(x* — y*)}f, 
where x; = Sa;;x’ and y; = }a;;y’, this class of points is given by 
L(x — v)(x* — 9’) > LD xe’, 
i.e., since Lyx? = + Y agxty? = ¥ y*x:, 
LL aisy*'y’ — 2D y*x; 2 0. 


The polytope is given (in covariant coordinates x;) by such inequalities for 
all sets of integers y*; but of this infinite set of inequalities only a finite subset 
is effective. We see in this manner that Fricke and Klein's standard funda- 
mental region is the same as the “‘parallelohedron’’ described by Voronoi 
[43, p. 278; 1, pp. 145, 334]. 
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The lattice points nearest to the origin represent those integral values of 
(xt,...,2") for which > > a;;x‘x’ attains its minimum value M. The 
geometrical figure formed by these 2s points 


(m*,...,m™*), (—m"™*,..., —m™), 
or by the 2s minimal vectors 
+ ¥ mt; am B.4.ikcth 


is the same for the whole class of equivalent forms. Let us call it the vertex 
figure of the point-lattice. For instance, the body-centred and face-centred 
cubic lattices, representing the forms ¢’ and ¢ of §1, have for respective vertex 
figures a cube and a cuboctahedron. 

A point-lattice has an infinite group of symmetry operations, in which the 
translation group T occurs as a self-conjugate abelian subgroup whose quotient 
group is finite. In fact, the quotient group is isomorphic to the subgroup that 
leaves the origin invariant [6, p. 103]. In terms of the corresponding form, the 
operations of this finite subgroup are those linear transformations of x', . . . , x” 
which leave >> >-a;;x‘x’ invariant, i.e., they are the automorphs of the form. 
Thus every automorph is represented by a symmetry operation of the vertex 
figure. 

If the point-lattice can be generated by n of its minimal vectors, it is de- 
termined by its vertex figure, and therefore every symmetry operation of the 
vertex figure is a symmetry operation of the whole point-lattice. But if the 
point-lattice cannot be so generated, its vertex figure may possibly have 
“accidental” symmetry operations which give new positions to some more 
distant points. Hence, 


3.4 If some n of the minimal vectors are independent (so that the vertex figure is 
properly n-dimensional), the group of automorphs of the form is a subgroup of 
the symmetry group of the vertex figure. It is the whole symmetry group if these 
nm minimal vectors generate the point-lattice. 


These geometrical considerations make it evident that equivalent forms 
(represented by equivalent lattices) and their reciprocals (represented by the 
reciprocal lattices) have isomorphic groups of automorphs. 

We saw in §2 that a positive definite form is perfect if and only if there is no 
quadratic equation satisfied by all the representations of its minimum. In 
terms of the point-lattice, 


3.5 A necessary and sufficient condition for a form to be perfect is that there be 
mo quadric cone (degenerate or non-degenerate) whose generators include all the 
minimal vectors. 


In our chosen system of affine coordinates, }> }-a;;«'x’ = 1 is the equation 
of a sphere of unit radius. If M > 1, the point-lattice given by integral values 
of the x’ includes no interior point of the sphere except its centre (the origin). 
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Accordingly, we say that such a lattice is admissible for the unit sphere. 
(Clearly, a lattice having M < 1 is mot admissible.) An admissible lattice 
whose elementary cell has the smallest possible content occurs when both 
M and 4/M" are as small as possible, viz, when M = 1 and the form is abso- 
lutely extreme. In other words, 

The critical lattices of the unit sphere are the lattices representing absolutely 
extreme forms with M = 1. 

This remark, kindly contributed by K. Mahler, supersedes the detailed 
argument of Mrs. Ollerenshaw [34 and 35]. 


4. Eutactic stars of vectors. Let us define a star to be a set of 2s vectors 
+a',..., +", issuing from a fixed origin in Euclidean n-space. Following 
Schlafli [36, p. 298] we call this a eutactic star if the sum of the squares of the 
orthogonal projections of a', ... , a* on a line is the same in all directions, i.e., 
if there is a constant A such that 


4.1 > (a* ° x)? = dx’, 


The simplest instance is when s = m and the a* are mutually orthogonal unit 
vectors; then a* - x is the magnitude of the projection of x on a*, and \ = 1. 
In the general case 


A= > (a*)?/n 
[17, p. 261, with s and m interchanged]. The connection between eutactic 
stars and eutactic forms is supplied by the following theorem: 


4.2 A form is eutactic if and only if its minimal vectors are parallel to the 
vectors of a eutactic star. 


Proof. Let the form >>> a;;x‘x’ have minimal vectors + m',..., +m’, 
where m* = }-m’*t; (k = 1,...,5). Then 
m* - t' = }m**t;- t* = Sm*s; = m*. 
First, let the form be eutactic, so that, for certain positive numbers p,, 
> ox (mx)? = DY axa; 
Then the vectors a* = p,'m* satisfy the condition 
La‘ - x)? =D ox (m* - Daxit*)? = LY om *x,)? 
=DLotixe; = (Cxit') = x, 
which is 4.1 with A = 1. 


Conversely, if the minimal vectors m* are parallel to the vectors a* = «,m* 
of a eutactic star, we have 


Do.2(im*x,)? =C (oe, m* - x,t")? = D(a* - x)? = dAx?* 
- AL da xx;, 


which is the condition for a eutactic form (with p, = o,/A). 
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Schlafli [36, p. 302] deduced from 4.1 
X(a*- x) (a*-y) =Ax-y, 
whence > a*a*-x = Ax. In the notation of Hadwiger [25], this is simply 
Tx = Ax. 


Hadwiger proved that the vectors a* of any eutactic star can be derived by 
orthogonal projection from s mutually perpendicular vectors of magnitude 
»* in Euclidean s-space. 

Schlafli proved that the vectors from the centre of any regular polytope 
to its vertices constitute a eutactic star. This was generalized by Brauer and 
Coxeter [4, Theorem 1 with A& = 1] as follows: 

A star is eutactic if there is an irreducible group of orthogonal transformations 
which is transitive on the pairs of opposite vectors. 

Since any two eutactic stars with the same origin form together a eutactic 
star [17, p. 253], we can deduce the following still more general result: 

A star is eutactic if it is transformed into itself by an irreducible group of 
orthogonal transformations. 

Hence, by 4.2, 


4.3 A form is eutactic if its vertex figure is invariant under an irreducible 
group of orthogonal transformations. 


This may be proved more directly, as follows. Since the hyperplanes 
through the origin perpendicular to the minimal vectors are 


Tm*x; = 0 (k = 1,...,5), 


and this set of hyperplanes is invariant under an irreducible group, the ex- 
pression >-(>-m**x;)? must be proportional to the unique quadratic invariant 
>< dae“xx;. Thus 2.2 is satisfied with the p's all equal. 

It should be remembered that the above conditions are sufficient but not 
necessary. Korkine and Zolotareff’s nonary form 7, [31, p. 367] is extreme, 
and therefore eutactic, although its group of automorphs is reducible. In 
such cases the appropriate criterion is 2.3 or 2.7. 


5. Reflexible forms. A form is said to be disconnected if it is a sum of two 
or more forms involving separate sets of variables ({17, p. 175]. A form that 
is not disconnected is connected. If a definite form is disconnected, we can 
name its variables in such an order that x! is in one set and x” in another. 
Then every representation of the minimum has either its first or its last 
coordinate zero, i.e., the minimal vectors all satisfy the quadratic equation 
xix" = 0. But a form cannot be perfect if its minimal vectors all satisfy a 
quadratic equation. Hence a disconnected form is not perfect. In other 
words, 
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5.1 Every perfect form is connected. 


Let a definite form be called a reflexible form if its point-lattice A is sym- 
metrical by the reflections that reverse the m basic vectors in turn. The 
reflecting hyperplane for a basic vector OP may be taken either through the 
origin O or through the midpoint of OP; for, if either of these reflections is a 
symmetry operation of the point-lattice, so also is the other. The reflections 
in the n hyperplanes through O generate a finite group §. By adjoining the 
reflections in the parallel hyperplanes through the midpoints, or the trans- 
lations along the basic vectors, we obtain an infinite discrete group G. The 
hyperplanes and their transforms decompose the Euclidean space into an 
infinity of congruent (or symmetric) polytopes, any one of which may be used 
as a fundamental region forG. G is generated by the reflections in the bounding 
hyperplanes of this region, which is either a simplex or a “simplicial prism” 
—the rectangular product of several simplexes [13, p. 599]. In other words, 
G is either the group generated by reflections in the bounding hyperplanes of a 
simplex (whose dihedral angles are submultiples of +) or the direct product of 
several such groups. 

Of course, the same point-lattice A represents not only the given reflexible 
form but also all equivalent forms, some of which may not be reflexible. A is 
derived from the origin O by applying either the whole group G or (equally 
well) its translation subgroup T, whose quotient group G/T is isomorphic to 
S. We shall choose the fundamental region for G in such a position that O is 
one of its vertices. (See [17, pp. 191, 205], where this is called a special vertex.) 

If the finite group § is reducible, it leaves a certain subspace invariant. 
Each basic vector t; lies either in this subspace or in the completely orthogonal 
subspace, and the m basic vectors fall into two sets, all of the one set being 
perpendicular to all of the other, so that the form is disconnected. Hence, if 
the form is connected the group must be irreducible. Combining this result 
with 4.3, we see that 


5.2 Every connected reflexible form is eutactic. 


We proceed to investigate the possible coefficients of such a form. 

The projection of any vector x in the direction of the basic vector t,, or of 
the unit vector ax,~*tx, is ax,7tt, . x = ayx~*x,. Hence the reflection in the 
perpendicular hyperplane through the origin changes x into 


5.3 Fs Zann 1x, ty. 

Since x = })-x'‘t;, this reflection leaves invariant every contravariant com- 
ponent x‘ except x*, which is changed into 

20k 


# s 
=x*-—- > —x'. 
Okk t=1 Gee 


2x% 
x* = 


Since the point-lattice A is given by integral values of the x‘, a necessary and 
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sufficient condition for the form to be reflexible [44, p. 369] is that 2a;,/ax, be 
integral for all i and k. Hence, if such a form is connected, its coefficients 
a, and 2a,,(i#k) must be all commensurable, and we can suppose them to be 
integers with no common divisor greater than 1. Since the form must remain 
positive definite when all but two of the x’s vanish, we have a,ay, > ay’, 
whence 
20m 20% <4 (i ¥ k). 
Git = Dkk 
Thus, whenever a0, |2ai/a,:| and |2a:/axx| must be two positive integers 
whose product is less than 4: one of them is 1 and the other 1 or 2 or 3. 
The ternary forms admitted by this restriction (with x, y, z instead of 
x', x*, x*, for simplicity) are: 


x + pey+ py + pyz+ 2, A = $p(2 — p); 
pxt+peyt+ ¥ + Qet ge’, A = ipg(4 — p —Q); 
x + pxy + py + payz + page, 4 = ip*q(4 - p — 9); 


e+ xy t P+ pyzt po’ + pox, A= jp(3 — p); 
x + prey + py + pye+ po? + pox, A = 3p*(3 — p); 


and the same with minus signs in any of the product terms. In the first three 
cases such changes of sign merely yield equivalent forms; thus the condition 
A > 0 implies p = 1 in the first case, and in the next two cases p + gq < 4: 
one of » and g is 1 and the other 1 or 2. In the last two cases one or three 
changes of sign would replace the factor 3 — p by 3(1 — p), which cannot be 
positive; so we may keep the positive signs and conclude that p = 1 or 2. 

Thus coefficients 3 cannot occur in ternary or higher forms, but only in 
binary forms such as 


3x? + Sxy + y® = x? + x(x + y) + (x + y)’, 


which are equivalent to x* + xy + y’. Apart from this simple case, we can 
assume every a, to be 1 or 2, and every 2a;;(i ~ j) to be 0 or + 1 or +2, 
namely 0 or + 1 whenever a;; = a;; = 1, and 0 or + 2 otherwise. 

Instead of enumerating all the possible arrangements of 1’s and 2’s that will 
make the form definite, let us simplify the discussion by taking the basic 
vectors t; to be perpendicular to those bounding hyperplanes of the funda- 
mental region which meet at the special vertex O. The angle between any two 
of these m vectors, being the supplement of a dihedral angle of the fundamental 
region, is greater than or equal to a right angle [17, p. 189]. Hence 


ai = t;-t; £0 (i # j). 


This means that any connected reflexible form is equivalent to one in which 
every non-vanishing a;; is negative, namely 


5.4 2a;; = — max (a4, a;;) (i # j). 
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To determine which such forms are definite we may modify them by taking 
new variables 
5.5 x! = ajPx', 
so that >> }-a;x'x’ becomes > Sa;;x*x’ with 
ay = 1, 2a; = — (¢ + j; » = 0, 1, 2 or 3). 


These modified forms have been enumerated elsewhere [45, p. 301; 17, p. 195]. 
The corresponding list of connected reflexible forms, with M = 1, is as follows: 


Aa _ (x1)? = xy? + (x?)? . + (x*—!)? — ly" + (x")? 
(s = 1,2,...), 

Cy = 2(x")? — Quix? + 2(x?)? — ... + 2(x* 1)? — 2x* 1x" + = S(x")? 
(s = 2,3,...), 

B, = (x)? — xx? + (x)? — 2... 4 (x™ 1)? — 2x* "1x" + 2(x"*)? 
(n = 3,4,...), 

D, = (x')? om xix? ao (x?)? — ..,. + (x*—1)? — 4-2" + (x)? 
(s = 4,5,...), 

E, = (x)? — x'x?+ (x2)? —...4 (x*)% — 28x" + = (x*)? 
(n = 6, 7,8), 


Fy = (x)? — x'x? + (x*)? — 2x2x? + 2(x*)* — 2x*xt + 2(x*)*, 
Ge = (x")* — 3x'x? + 3(x?)?. 


It is often convenient to denote these forms by graphs whose nodes and 
branches represent the square terms and product terms, as follows: 


—- «++ —e—e—__ © coe —O——- 9-9 
mt n _ 
Gt eee S 2 oo _ eee 7 


E, ape Ome 
E: a a 


‘o-—_e___ oe ee 
a Go 
4. 2 
The values of a,;, other than 1, are marked under the nodes; 2a;; can then be 
deduced from 5.4. The rings that have been drawn round one or two nodes 
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are to be ignored for the moment, but will be found useful in §7. The letters 
A, B, etc. have been rearranged [cf. 17, p. 297] to agree with the notation of 
Cartan [9, pp. 218-225]. 

If we are interested in finding the simplest representative of each different 
class of reflexible forms, we can eliminate all the coefficients 2 and 3 by observ- 
ing that B, is equivalent to D,, F, to Dy, G2 to A», and C,, to the disconnected 
form }>°(x*)*. In fact, 


ol = (x")? oa (x! _ x)? os (x? an x*)* + nay? + (x*-1 an x*)?, 
B, = (x')? — xx? + (x?)? —.., + (x*~?)? a g*(ge" on x”) 
+ (x*—1 _ x”)? — 7% 2%” + (x*)?, 
(x')? om x'(x? _ x?) oe (x? — x)? _ x'(x3 an x*) 
+ (x? — xt)? — xlxt + (xt)?, 


F, 


Ge = (x! — x*)? — (x! — x*)x* + (x*)*. 
Hence 
5.6 Amy connected reflexible form is equivalent to one having every ay = 1. 


This means that the lattice A is generated by minimal vectors. By 5.4, each 
of the remaining coefficients 2a;; is either 0 or — 1. (By reversing the signs 
of alternate x’s we could arrange to have +1 instead of —1, but the negative 
sign is really preferable, as we shall see in the proof of 5.7.) 

We shall call the forms A,, Bz, Da, En, Fy and Gz properly connected because 
they remain connected after the above reduction. But C,, being equivalent to 
> (x*)*, is not properly connected, and therefore (by 5.1) not perfect. We 
proceed to prove that 


5.7 Every properly connected reflexible form is perfect. 


Since equivalent forms are perfect or imperfect together, we may restrict 
consideration to the forms Aj», D,, E,», whose graphs are trees without any 
marks 2 or 3. The minimal vectors m = }> m't; include the m basic vectors 


t; themselves (since a;; = 1) and also any “‘connected series”’ 
GE+tt+t +... + ty, 
where 2a;; = 2a;, = ... = — 1; for when the only non-vanishing x's are 
xt'=xi/ =x*=...=x' = 1, the form becomes 
(x*)? — xix + (x4)? — xix® + (x*)? — ... + (x')? 
=1-—-1+1-1+1-...4+1=lL1. 
As a test for perfection (cf. 2.1), consider the s equations 
> Em'‘m’d;; = 0, 
one for each minimal vector m. Setting m = t; (so that m’ = 4;), we obtain 
by = 0. 
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Setting m = t; + t; (where 2a;; = —1) we obtain 
bs; = 0. 

Similarly, a connected series m = t; + t; + t, yields 
bi = 0; 


and the number of terms in the series can be gradually increased. Since every 
pair of t’s make the beginning and end of a connected series, all the b's must 
vanish. Therefore the form is perfect. 

Combining 5.7 with 5.2, we deduce from 2.9, 


5.8 Every properly connected reflexible form is extreme. 


It is easily proved by induction that the extreme forms 2A,, 2D,, 2E, have 
respective determinants m + 1, 4,9 —m. This explains why E, is definite 
only when m < 8. The three types overlap as follows: 


D; =A; (with x' and x? interchanged), 
E,=A, (with x' and x* interchanged), 
E; =D, (with the order x'x*x*x* reversed). 


We might even go one stage farther back and say 
E; = (x')? — x'x? + (x)? + (2°)? = Ao + A. 


O’Connor and Pall’s integral positive forms of least determinant for n < 8 
[33, p. 329] are (apart from trivial changes of sign) 


Ai, A», A;, B,, Bs 
and three equivalent to E, (n = 6,7, 8), namely 


Te = X12 + XiXe + Xe" + Kars +... HH Xn-g? + Xn—s (Xa-2 — Xn) 
+ (Xn—2 7 Sa)* + (Xn—2 =a Xn) (ta—1 + 2xn) + (Xn—1 + 2x»)? 
+ Xn-stn + X,*. 


6. The minimal vectors. In the present section we shall see how the mini- 
mal vectors can be computed for each of the forms represented by trees on 
page 405. We shall also see how a certain one of the minimal vectors provides 
formulae for the number s and for the order of the group §. We again use m 
to denote a typical minimal vector }>m'‘t; = }-m;t', and we use z to denote 
the particular minimal vector whose contravariant components 2° are as large 
as possible. Thus, if the given form is 


DSdapa tx = f(x',..., x"), 


we have 
f(m',...,m*) = f(s',...,2") = M =1. 


The components m',...,m"” are conveniently associated with the nodes 
of the tree. (We may write them above the nodes, as a;; has already been 
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written below some of them.) Some of these contravariant components may 
vanish, but the nodes that represent non-vanishing ms must be the nodes of a 
connected part of the tree. For otherwise each separate set of such nodes would 


represent a positive definite form; and the number f(m',...,m"), being a 
sum of several positive integers, could not be equal to 1. 
The expressions f(m',...,m”) and f(|m'|,...,|m"|) differ only in those 


terms (if any) for which m‘m/ < 0 while a;; < 0. Since these are positive 
terms of the former and negative terms of the latter, 


f(\m'|, TTT |m|) S fie’, ..., 0%) @ 1. 


But since 1 is the minimum value, f(\m'|, — 





m"|) > 1. Hence 
f(\m'|,...,|m*|) = f(m',..., m"), 

and in fact there are no such terms: m‘m’ > 0 whenever a;; < 0. Thus, in the 

connected part of the tree where non-vanishing m“s occur, any two adjacent 


ms have the same sign; consequently all non-vanishing m“s have the same sign. 
Since 


f(—m',..., — m") = f(m',...,m"), 
we may restrict attention to positive values and suppose that every 
m* > 0. 


For instance, the values of (m',m*) for Gz = (x')*? — 3x'x* + 3(x*)* are 


(1, 0), (1, 1), (2, 1) and their opposites; i.e., the “‘positive’’ minimal vectors 
in this case are 


ti, ti + te, 2ti + te. 


Given the contravariant components m‘ of a minimal vector m, we can 
easily compute the covariant components 


mm, = ps a,m'. 


For, if the kth node of the tree is joined to the ith, jth, etc., we see from 5.4 
that 


- _ - 4 
6.1 on, = Gun(2m m m 7 20 .) if ap > 1, 
2m* — aym* — ajym’ —... if dx, = 1. 


Thus every 2m, is an integer, in fact, a multiple of c,,. 


We proceed to prove that the only possible values for the integer 2m, are 
0 and + ay, except that when a,, = 1 we may have m = t,, in which case 
m, = m* = 1. 
The increment of f(m',...,m”") when one m* is replaced by m* + 1 is 
(m+ t,)-(m+ t) — m-m = t,-t, + 2m- t, = az + 2m,. 


Since M = 1, the increment cannot be negative, save in the case when m = & 
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is reduced to the zero vector. Hence, except in this trivial case, we have 
\2mx| < aux. Since 2m, is a multiple of ays, it must be either 0 or + aus. 
But if m = t;, so that every m*‘ vanishes except m* = 1, we have 2m, = 2 
(by 6.1 with ay, = 1). 

Moreover, since >> m‘m; = m-m = 1 and m‘ > 0, at least one of the 
integers 2m; must be positive (namely 2m, = a,, for some k, unless m is 
basic). 

Since the increment of m - m is a4, + 2m, when m is replaced by m + ty, 
a given minimal vector yields a new one when we make this change for a value 
of k such that 2m, = * a,x. Given any minimal vector that is not basic, we 
can carry out this procedure with the lower sign, subtracting 1 from m* for a 
value of k that makes 2m, = a,,, thereby changing 2m, from a,, to —axy 
(by 6.1). Ifthe new m is still not basic we can repeat the procedure; but since 
the sum >> m‘ is diminished, this can only be done a finite number of times, 
and eventually we must be left with m = t;. (In this final stage, 2m; = 2 but, 
by 6.1 again, every other 2m, < 0.) It follows, by reversing the process (and 
using the upper sign), that the whole family of ‘‘positive’’ minimal vectors 
can be built up by starting with those basic vectors t; for which a;; = 1 and 
successively adding some t, (i.e., increasing m* by 1) whenever 2m, < 0. 
This will continue until 2m, 2 0 for every k. 

For instance, in the case of G2, where a,; = 1 and dg: = 3, we have 


2m, = 2m! — 3m?, 2m, = 3(2m? — m'), 


and the minimal vectors can be written down successively as in the following 
table: 








(m', m?) (2m, 2mz) 
(1, 0) ( 2, —3) 
(1, 1) (—1, 3) 
(2, 1) ik @ 














In the case of B;, where a1; = dog = 1 and a3; = 2, we have 
2m, = 2m! — m*, 2m. = 2m? — m' — 2m'*, 2m; = 2(2m* — m’*), 


and the first two basic vectors yield other minimal vectors as follows: 











(m', m*, m*) (2m, 2m2, 2m) 
(1, 0, 0) (0, 1, 0) (2, —1, 0) (—1, 2, —2) 
(1, 1, 0) (0, 1, 1) (1, 1, —2) (—1, 0, 2) 
(1, 1, 1) (1, —1, 2) 
(1, 2, 1) (0, 1, 0) 
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As a third example consider A;, where a1; = @22 = a3; = 1 so that 
2m, = 2m' — m*, 2m, = 2m? — m' — m'*, 2m; = 2m* — m* 


and all the basic vectors are minimal: 





(m', m?, m*) (2m, 2m2, 2m) 








(1, 0, 0) (0, 1,0) (0,0, 1) | (2, —1,0) (—1,2, —1) (0, —1, 2) 
(1, 1, 0) (0, 1, 1) (1, 1, —1) (-—1, 1, 1) 
us, 3, 8) (1, 0, 1) 











The final vector m (where >> m* is maximum and every 2m, is 0 or a,x) is 
of such special importance that we shall use a different letter and call it z. 
Since f(1, 1,...,1) = 1, every z* > 1. Moreover, since 


> 22,2" = 2z-z = 2, 


only one or two of the 2z,'s can take the value ay,: all the rest must be zero. This 
means that the vector 2z is 


6.2 ay, t* or t* + t! 


for one or two particular numbers k, / (with ay, = a,; = 1 in the latter case). 
(Thus 2z = t! for Gs, t? for B;, and t' + t* for As. A complete list can be 
read off from the ringed nodes on page 405.) 


Geometrically, the operation of adding 1 to m* (when 2m, = — a,,) is the 
reflection R, that reverses t,; for, by 5.3, this reflection changes m into 


m — 2a,.,.7~'m,.t. = m+ tk. 


Thus every minimal vector can be derived from a basic vector t; (with a;; = 1) 
by applying some operation of the group § generated by Ry, Ro, ..., Ra. 
It follows that every minimal vector is reversed by a reflection belonging to 
S (viz, by one conjugate to R;). In particular, § contains a reflection that 
reverses z. Here the reflecting hyperplane is perpendicular to z through O. 
Let Ro denote the reflection in the parallel hyperplane through the midpoint 
of the segment defining z. This hyperplane cuts off from the angular funda- 
mental region for § a simplex all of whose dihedral angles are submultiples 
of x. For, the corresponding unit vector 


6.3 t=-z 

makes with the basic vectors t; (k = 1,...,) the inner products 
t-t =—2,=0 or —$ane; 

and since do = 1, the cosine of the corresponding dihedral angle is 


— ty - t./anx? =0 or dax,!, 
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where a4, = 1 or 2 or 3. Since the infinite group G can be derived from § by 
adjoining Ro, this simplex serves as a fundamental region. The m + 1 vectors 
to, ti, ..., ta, perpendicular to the bounding hyperplanes of the simplex, 
yield the semidefinite form 


(x°to + x'ty +... + x"t,)? = (x%to)? — 2x%(xlz, +... + x"z,) 
+ (x't: +... + x*t,)* 
= (x)? — x9 S Qeyx* + f(x',..., x"), 


which is never negative but vanishes when x* = 2* and x® = 1. It is therefore 
natural to define 


6.4 2° = 1, 
so that 2°t+2't +...+2"t, = t—+2=0 [17, p. 183 (10-72)]. 
N 


, 
> 






































Fic. 2 


Figs. 1 and 2 illustrate the two equivalent forms A, and G2, whose “ positive”’ 
minimal vectors are respectively 


ti, te, ti + te = z = ¥(t' + ft’) 
and ti, ti + te, 2t, + t = z= At. 


Returning to the general discussion, we see that the semidefinite form is 
represented by a graph which is derived from the tree by adding an (m + 1)th 
node, joined to the one or two nodes for which 2z, ~ 0. The actual cases, in 
the same order as in §5, are exhibited on page 412. 


In each case the nodes have been marked with the numbers a,, below and 
z* above, whenever these numbers are greater than 1. (The marks a,, are an 
essential part of the symbol, but the values of z* can be derived from them, 
as we shall soon see.) It is to be understood that 5.4 holds whenever the ith 
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and jth nodes are joined by a branch,’ even if i = 0. The node representing 
t. has been ringed. 


mn 
Given the semidefinite form (>-x‘t,)*, we can write down the z“s, beginning 
0 


with z° = 1, by the following simple rule: If the node representing t, is joined 
to those representing t;, t;, etc., we have 


2S z' + 2+... if ax, > 1, 
6.5 a= ( asa’ + agj27 +... if ay, = 1 
This rule follows at once from 6.1 (with m, = 2, = 0) except when 2 is 


involved. It remains to be verified when i or k is zero. If i = 0, so that the 
k-node is joined to the 0-node and also to one or more j-nodes, 6.1 gives 


a a,,(22* — > 2?) (axe > 1), 
. 22* — ¥ a;;2/ (@xz = 1). 
But, by 6.2, 22, = ayx. Hence 
2s* aa { 1 + > 2) (Ger > 1), 
1+ ¥ aj,’ (@xz = 1). 


This is 6.5 with ¢ = 0, 2 = 1 and ao = 1. Finally, to verify 6.5 with k = 0, 
we observe that 6.2 gives either 
z= }ayt' or z= 3(t* + t’). 


*The unary form A; has been omitted from the above list, because the corresponding semi- 
definite form (x*)? — 2x%x! + (x')* violates this rule. 
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In the former case every covariant component vanishes except z; = }a,;, and 
therefore 


% 
] 
] 
ta 

Le} 
] 


= 4a;2', 
as desired. In the latter case z; = z; = }, and therefore 
f= 1 = sgt + 2) = (2 + 2’) = bags’ + a;22). 


It is interesting to compare these results with [17, pp. 176-194], where the 
vectors e, have the same directions as the present vectors t,, but different 
magnitudes: |e,| is the reciprocal of the distance between two parallel hyper- 
planes, whereas | t,| is twice this distance (so that the translation along t; is 
the product of two parallel reflections). Moreover, we now have a different 
unit of measurement: not just the distance between closest parallel hyper- 
planes but twice this distance. Taking these two changes into consideration, 


we can reconcile the expression 11.93 [17, p. 207] with our present notation by 
defining 


y* = ays". 
Then the order of the group § is 
6.6 fPy'... yn, 


where f (called h in [9]) is the number of y's that are equal to 1 (including 
y = 2°, which is always 1), i.e., f is the number of “special’’ vertices of the 
simplex. (The “paramétre dominant” of Borel and De Siebenthal [3a, p. 219] 
is > y*¢x.) 

The expression 6.6, involving the product of the y's, has an interesting 
companion involving their sum: The number of minimal vectors is 


2s=clyot+y'+...+ 4"), 


where c is the number of a,,’s that are equal to 1 (excluding ay), i.e., c is the 
number of minimal basic vectors. This empirical formula can be verified 
in each case from the table on page 414; but no explanation for it has so 
far been found. 

The groups § are listed in the notation of [14]. The last two columns will 
be explained in §§7 and 8. 


7. The point-lattices and their vertex figures. In §5 we saw that the 
translations and reflections associated with the lattice for a reflexible form 
generate an infinite discrete group G which contains a finite subgroup § 
generated by reflections in hyperplanes through the original lattice point O, 
and we found it desirable to restrict consideration to forms for which these 
hyperplanes are perpendicular to the m basic vectors. In §6 we saw that, in 
the case of a connected form, the fundamental region for G is a simplex bounded 
by these » hyperplanes and one more, perpendicular to the vector z (see 6.3). 
It follows that the lattice points are the vertices of a honeycomb whose 











H. 8. M. COXETER 


vt 
_ 
+ 

















{9 ‘g} {9} 9 I 9 9 
{e‘b‘e‘e} | fe‘ ‘e} rat z bz 8h 
1g a 0g 8 OFZ O8ZLI 
at at 8I l 921 882 
a oF at 9 ZL Z 
i+H9y “gt { (I—%)z u (I—4)uz tut 
uz, I—« (I—%)uz 
1-uG 
en “9 uz I uz 
y“» lati | I+u u (I+) I 
V I uk: + ++ +4 ? 5% ul ++ + Koh 




















Tt OO WN 








ZI [9] *g 
2Sit [¢ ‘t ‘g] | 
jOL- 261) = [res] 7 
i6-8 [r-ee8] ‘7 
i9 - 32 [1-228] 7 
iMrwS | [rre—u8] “a 
j Mud [b ‘c-u8] es 
3 
i(I+#) [:-u8] a 
JIpPIO S wJ0J 











SNAO AIAIXATAY GALOANNO’) AO ATAV EE 











EXTREME FORMS 415 


graphical symbol (in the notation of [17, p. 196]) is essentially one of those 
listed on page 412. For this purpose the marks z* (above the nodes) are to be 
disregarded, and the marks a, are to be modified in accordance with the 
transformation 5.5. By 5.4, the cosine of the dihedral angle between the 
hyperplanes perpendicular to t; and t; is 


— a;;(a4a;;)* - § max{ (a,;/a;;)', (a;;/as)3}. 


Since cos +/4 = $2! and cos r/6 = 4$3!, the proper way to mark the branches 
of the graph is as follows: When a;; = a;; we make no mark (and the angle 
«/3 is understood); but when a,; and a;; are different the appropriate mark is 
twice the quotient of the larger by the smaller; e.g., the symbol 


ay , meaning @——e——e , becomes SO . 
1 i 3 


The particular cases are given in the final column of the above table. No 
confusion need be caused by adopting the same symbol A for the honeycomb 
and for the point-lattice of its vertices. (Cf. [14, p. 468], where A was called 
II*.) 

The honeycomb a,h [11, p. 366], whose graphical symbol consists of an 
(m + 1)-gon with one vertex ringed, has been described by Schoute [37] as 
an oblique section of the (m + 1)-dimensional cubic honeycomb; e.g., 


ash = {3, 6}, ah = {3,3} 
in the notation of [17, pp. 59, 69, 87-88]. The different cells of a,h are the 
regular simplex a, and all its simple truncations ¢,a,. 

The n-dimensional cubic honeycomb is denoted (not too happily) by 
én41. Its alternate vertices form Schoute’s “half measure polytope net”’ 
hé,4: [38, p. 90; 17, pp. 156, 201]; e.g., 


hé: = 52, hés = 53, hd, = ash, hd, = {3, 3, 4, 3}. 


The penultimate column of the table contains the polytope II which is the 
vertex figure of A. Its graphical symbol is derived by removing the ringed 
node and ringing the adjacent node or nodes [15, p. 336]. Its 2s vertices, being 
the extremities of the vectors +m, are derived from the extremity of z by 
applying the operations of §. When z = 4a,,t*, this point lies in the direction 
of t*, and the kth node of the tree is ringed; but when z = }(t* + t’) it lies 
on the bisector of the angle between t* and t', so the kth and /th nodes are 
both ringed. The particular cases are the trees on page 405, with marks 
transferred from nodes to branches by the above rule; e.g., 


i | becomes @——* 


(and the remaining cases can be seen in [14, p. 472, the third column of Table 
I, omitting the last six entries]). 
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The “expanded simplex”’ é&,,~:a, [15, p. 331], sometimes called ea, [11, p. 
366], has for its cells the rectangular products an, Xaz—1 or [an—z, ax—:] for 
all values of k from 1 to m; e.g., an—1 X ao is just the regular simplex a,_,, and 
@n—2 X a; is a right prism based on ap». In particular, é&,:a2 is the regular 
hexagon {6}, to,2a3 is the cuboctahedron c 
polytope whose cells consist of ten tetrahedra and ten triangular prisms (as 
we may see by analysing the tree in the manner of [15, pp. 329, 335)). 

The “cross polytope”’ 8, is the n-dimensional analogue of the square 82 and 
octahedron §; [17, p. 121]. The midpoints of its edges are the vertices of the 
truncated cross polytope 4,8, or 


{3,....845 


[17, pp. 147, 200]. In particular, #,6, is the regular 24-cell {3, 4, 3}, whose 
twelve diagonals meet a 3-space of general position in the vertices of three 
desmic tetrahedra [27, p. 170]. 

For the remaining polytopes and honeycombs (122, 231, 421, and 222, 331, 521), 
see [11, pp. 414, 415] and the analytic treatment in §8. 


\ and to,3a4 is a four-dimensional 


8. The use of an orthogonal basis. For further discussion of the extreme 
form A, (which is absolutely extreme when nm = 2 or 3) it is convenient to 
embed the m-space in an (m + 1)-space spanned by m + 1 mutually orthogonal 
unit vectors pi,..., Pais In fact, 


2An = (x")? + (x! — x?)? + (x? — x®)? + 2. + (x — x")? + (x*)? 
x! pi — (x! — x*) pp — (x* — x*) ps — .. . — (x** — x") pa — x" pny}? 
x'(pi — po) + x*(pe — ps) +... + 2x"( Pa — Pn+1)}?. 
Comparing this with A, = (x't,; + x*t. +... + x"t,)*, we see that 
t; = 274 ps — piss) G@ =1,...,m), 


whence z = t; +... + t, = 2-4(p: — pass). (These vectors all lie in the 
m-space perpendicular to pi +...+ Pais.) The reflection R;, which re- 
verses t;, now appears as the transposition (p;pi+:); so § is [3"~"], the sym- 
metric group of degree nm + 1. Applying these operations to z, and changing 
the scale to get rid of the multiplier 2-*, we see that II is the expanded simplex 
to,n—1@n Whose n(n + 1) vertices are obtained by permuting 


(1,0,...,0, —1) 


ll 


(with m — 1 zeros) in the m-space —'+...+"*! =0. In other words, 
to,.n—1@n is the polytope determined by this equation along with the inequality 


le] +... + lent] < 2. 


It follows that A is the simplicial honeycomb a,h whose vertices are all the 
points having m + 1 integral coordinates with sum zero. For instance, the 
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permutations of (1,0, —1) are the vertices of the hexagon t,,a:, and the 
lattice points (', ¢*, &) with ¢' + ¢ + = 0 form the tessellation of triangles, 
ash. : 

By choosing a different basis we can obtain an equivalent form; e.g., the 
basis Pi — Pn4i (¢ = 1,...,m) yields 


{Xx*(p ~ Pn+1)}? = (Dx'pi — Dx* pays)? = C(x‘)? + (Xx*)*, 


which is proportional to the U, of Korkine and Zolotareff [31, p. 367]. 
When n = 2, the basis pi: — ps, p2 — ps — (pi — pz) yields 


{x"(pi — pz) + x*(— pi + 2ps — ps)}? 
7- { (x! — x*)p: — (x' — 2x") ps — x? pa}? 
= (xt — x2)? + (xt — 2x2)? + (x2)? 
= 2G2. 


On the other hand, the pair of equivalent forms B, and D, (which are 
absolutely extreme when nm = 3,4 or 5) are more naturally treated with 
reference to an n-dimensional orthogonal basis. So likewise is the imperfect 
form C,. In fact, 


Cu = (xt) + (xt — at +... + (et 


= {x!p, — (x! — x*)pp —... — (x*" - x") pa}? 
- }x"( ps —- Pp) t+...+ x*°—"( Da—1 — Pa) + x" Da} ?, 


whence 
t= Pi — Pi4r (© =1,...,m—1) and t, = pp, 
so that 
z=t¢+...+t, = pi. 
The reflections R;,..., Ra-1 are again transpositions, but R, reverses the 


sign of p,; so § is the “hyper-octahedral” group [3*~*, 4], of order 2"”!, which 
permutes the m vectors of the orthogonal basis and changes their signs. Thus 
the minimal vectors are simply + p;, and II is the cross polytope 8, whose 2n 
vertices are obtained by permuting 


(+ 1,0,...,0). 
In other words, 8, is the polytope determined by 
le] +... + |e] <1. 


It follows that A is the cubic lattice 5,4; whose vertices are all the points 
having m integral coordinates. 


Similarly 
2B, = (x")? + (x! — x*)? +... (ae? — xe)? + (x! — 2x") 
on {xpi —_ (x! oti x?) Pe—...- (x? — x*-) Pa-1 — (x*-! — 2x") Pa}? 


= {x"(pi — po) +... + 2x*-"(pa—i — Pn) + 2x"p,}?, 


whence 
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t; = 2-4( ps — pias) (¢ = 3. 6an = 1) and th = 2'p., 
so that 


z= ti + 2(te+...+ tai) + tr = 2-4(pi + po). 
Since the reflections R;,..., R,» are the same as before, § is again [3"~*, 4]. 


(Cf. Stiefel [41, p. 183].) Thus the minimal vectors are + p; + p; (i ¥ j), 
and II is the truncated cross polytope 4:8, whose 2n(m + 1) vertices are 


obtained by permuting 
(+ 1,+1,0,0,...,0) 
(with n — 2 zeros). In other words, #,8, is determined by 
le] <1 and [le] <2. 


A is now the alternated cubic lattice hé,,, whose vertices are all the points 
having m integral coordinates with an even sum [17, p. 158]. For instance, 
the permutations of 

(+ 1, + 1,0, 0) 


are the vertices of the regular 24-cell #,4,, and the lattice points (£', &, , &) 


with ¢ + # + + # = 0 (mod 2) form the regular honeycomb of 16-cells, 
hés. 


The form D,, equivalent to B,, is given by 


{x'(pi — po) +... + "(par — Pn) + 2"(Pa—i + Pa)}? 
= (x")? + (x? = x)? +...+ (x*-* on x*-*)3 + (x*-? — x1 — x”)? 
+ (x*-1 om x”)? 
= 2D,. 
In this case § is the group [3"~** "], of order 2*~'n!, which permutes the n 
vectors of the orthogonal basis while changing any even number of signs. 


Another possible basis, for a form equivalent to 2D,, is 
Po— Pe (6 =1,..-,"—1), Pat Pat 
giving 
a-l 


{ 2X x(pn — pi) + "(Pn + Pn—s)}? 


E(x‘ +(e — 2") + (Ex) 


E (a + (Lait — eres, 


1 


which is proportional to Korkine and Zolotareff's V,. 
Again, we might take 


Pi — Pi+1 (4 =1,...,"—1), Pi + Pn, 
which yields 











x*)? 
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a-1l 


{ E x4(pi— piss) + 2°( Pi + Px)}? 


= (x! + x*)* +. (x! — 2°)? +... + (x — x")! 
= 2(A, + x'x"). 


When is odd we can reverse the signs of x*, x*, x*,...,x""' to obtain the 
cyclically symmetrical form 


(x")* + xix? + (x*)* + atx? +... + (x*)* + 2%". 


So this again is equivalent to D,. (But such a symmetrical form with nm even 
is obviously semidefinite. ) 


F,, equivalent to D,, is given by 


{x"(pi— Pa) +2x*(p2— ps) + 2°(— pi— Pat Ps— pa) +x*(pit Pot Pot pad}? 
m= (x8 — 8 bt) (et — 8 $d — 8 (8 — et — 8)? + (x? — xt) 
= 2F;; 


and in this case § is [3, 4, 3], of order 1152 [17, p. 149]. 


When considering A, we embedded the Euclidean n-space in a Euclidean 
(n + 1)-space. In dealing with B,, C, and D,, no such embedding was 
necessary. In the case of E, (which is absolutely extreme when n = 5, 6, 7 or 
8) we shall find it convenient to embed the Euclidean n-space in a Minkowskian 
(nm + 1)-space, i.e., to use m + 1 “vectors” pi,..., Pasi which are mutually 
orthogonal with 


pr =1,..., pa’ = 1, but pay”? = — 1. 
In fact, 
2E,, = (x")? + (x! oan x*)? + (x? om x*)? + hal + (x*~4 —_ x) 
+ (~*~? a x2 a x”)? + (x*-? oie x?! am x*)? + (x*—! in x)? as (x)? 
= {x'pi — (x! — x*) ps — (x* — x*) ps — ... — (x4 — x*"*) Dae 
— (x*-* — x"? aise x”) Pn—2 _ (x*"2 _— x1 _— x*) Pn—1 — (x*-! — x”) Pr 


ss x" Dn4i}? 
= {x'( ps — po) + x*(p2— ps) +... +2" (Pas — Pas) 
+ alli | Pa—2 — Pn—1) + x" Dai = Pn) 
+ x"(Pn—2 + Pn-i + Pn + Pays)}*, 


whence 
Qt; = pi— pias (6 =1,...,2 — 1) and Zt, = pao + Pai t+ Pan t+ Past 


(all lying in the Euclidean n-space perpendicular to the time-like vector 
Pit+...+ pa +3pn41). Combining these vectors, we see that A (suitably 
magnified) consists of all the points whose Minkowskian coordinates are 
integers satisfying the equation 


B+... + em = 3enh (n = 4, 5, 6, 7, 8). 
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We have thus obtained, in a single scheme, coordinates for the vertices of the 
five honeycombs 
agh (m = 4), hig (m = 5), 2a2 (m = 6), 3a; (nm = 7), 5a: (m = 8). 


The vertex figures 


to, 24, 118s, lee, 231, 4o1 
can be derived by picking out those points for which 


(BY +... + EY = (EY + 2. 


It follows that the number of minimal vectors, 2s, is given in these five cases 


by the formula 
n n n n 
s=(3)+(3)+(5) +8(5)- 


The same vectors were considered, as long ago as 1894, in the thesis of Cartan 
[9a, pp. 142, 143]. His w; is our p; — 4(pi +... + pr) for Eg, and p; + 4p; 
for Ez. 

Du Val [18, p. 24] uses symbols R’, S’, and S*” to denote the hyperplane 


E+... +e = 3g"*! — oo, 
the sphere 


(EY +. + = (EME — », 


and their sphere of intersection. In this notation, A and II for EZ, are formed 
by the integer points on R® and S*~*. Du Val showed [18, pp. 32-34] that 
the integer points on S’~', S*°, S*' are the vertices of go1, 2,1, 1g2, where 
qgq=n-—4. (Our n is his «.) Thus S*~* resembles S*~' when n = 8, S*® 
when n = 7, and S*' when m = 6. In fact, the translation 


(,..., 8%, et) > (2 + b,c cee & + 1, e*tt+ 3) 


converts S”” into S¢t®-™ *tet9—"_ 


A more familiar description of 33; is in terms of the points in Euclidean 
8-space whose coordinates are mutually congruent mod 2, with sum zero [11, 
p. 390] (i.e., on a different scale, 8 integers, or 8 halves of odd integers, with 
sum zero; thus the vertices of 33; belong to two superposed azh’s). This co- 
ordinate scheme may be established quite elegantly by picking out the basis 


ti = Pi— Pa, ---, te = Po— Px, tr = 3(— Pi— P2— Ps— Pat Pst Pot Prt Ps) 
and observing that 
(x'tit ... +27 ty)? = (x! — px")?+ (—2x!4+2°— $x")? + (—2x?+2x°— 3x7)? 
4 (=x xt— fax)? + (xt p84 fe)? + (a8 + xt fx)? + (— x8 he) + (9x7)? 
=2{ (x1)? — xl? + (x2)? — 2x3 + (x8)? — x3xt 
+ (x4)? — acta + (208)? — acc + (8)? — te? + (x7)?} =2E;. 
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Similarly [11, p. 393] the vertices of 52; are the points in Euclidean 9-space 
whose coordinates are mutually congruent mod 3, with sum zero. (Thus they 


belong to three superposed ash’s.) ‘To establish this scheme we pick out the 
basis 


ti= Ppi— Po, ..., tr= pr— Ps, 
ts=43(— po— Pi— P2— Ps— Pa— Ps +2 Pot+2 pr+2ps) 
and observe that 
(x'tit. . .+-x%ts)? = (— }x*)?+ (x! —}x8)?+ (—x!+4-x? — 4x)? + ( —22+-2* — x8)? 
+ (—x9 +24 — $x*)?+ (—xt+-x5 — }x8)?+ (— 2x54 x84 9x8)? 
+ (—x*+a7+ $84 (—x7+ det) 
=2Ez. 
(In this case the w; of Cartan [9a, p. 144] is p; — 4 ¥ p.) 


To obtain a comparably elegant system of coordinates for 222, we have to 
use complex (or unitary) 3-space, where the distance between two points is 
equal to the square root of the sum of the norms of the differences of their 
coordinates. It is well known that the quadratic integers 


a+ bw (w = e**/8), 
where a and 3 are rational integers, fall into three classes modulo 
A=l1-~a, 
typified by 0, 1 and —1 [26, p. 187, Theorem 222]. Let us consider the points 
whose coordinates are three of these quadratic integers, mutually congruent 
mod A. Asa basis for this lattice we may use the vectors 
ti= Awpi, te= Api, ts= — Pi— Po— Ps. t= APs, ts= AwPo, te= APs 
[16, p. 473]. Then 
Ciexits= (Awx!+Ax?—29) pi + (— 2x? ++Axt-+Aex®) po + (—x?-+Ax®) ps, 
and the norm of this vector is 
(Aer! + Ax? — x¥) (— Awa! + Ax? — x?) r 
+ (—x*+Axt+dwx®) (— x? +)xt—Awx®) + (— x? +Ax*)(—x?+Ax®) 
=3Eg. 


9. Automorphs. We saw in §5 that the group of automorphs of a reflexible 
form, being the symmetry group of the polytope I, has a subgroup § whose 
typical generator R, leaves invariant every x‘ except x*, which it changes into 


x* — 2xp/anr 


(see 5.3). If the non-vanishing a,,’'s (i * k) are aix, 2 jx, etc. (so that the kth 
node of the tree is joined to the ith, jth, etc.) this transformed x* is 
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—x*+ xf t+ xit+... if ax, > 1, 
{ —x* + agxet + ajxi+... if Guz = |] 
(by 6.1 with x for m). 

For instance, in the case of G, = (x')*— 3x'x*+ 3(x*)*, Ri and R. change 
(x!,x*) into (—x'+ 3x*, x*) and (x', —x* + x"), respectively. Again, in the 
case of the form A; = (x')?—x'x? + (x*)? — x%x* + (x*)*, the three R’s trans- 
form (x', x*, x*) into 


(—x!+<x?, x?, x), (x!, x! —x?+-2x3, x), (x!, x?, x?—x). 


In addition to §, the group of automorphs contains the symmetry group of 
the marked tree (p. 405), i.e., the “obvious” automorphs of the form, such as 
the transposition (x'x*) in the case of A;, or the symmetric group on the three 
branches of the tree for Dy. In the single case of B, there are still other oper- 
ations, namely the cyclic automorphs of the equivalent form D,y. The whole 
group of automorphs is most easily obtained as the symmetry group of II. 
Referring to the table on page 414, we see that this is § itself in the following 
cases: 


Cr, Ba(n #4), Ex, Es, Fy, Go. 
Hence the numbers of automorphs in these cases are the orders of the groups 
[3"~*, 4], [3"-*, 4], [3%], (3**], (8,4, 3], (6), 
namely 
2*n!, 2*n!, 8 -9!, 192 - 10!, 1152, 12. 


Of course, the forms A2, Bs and Dy, D, (nm > 4) have just as many auto- 
morphs as the respectively equivalent forms 


Go, Fi, Ba, 
namely 12, 1152, 2*n!. 


The symmetry groups of the polytopes fo, ,~1a, and 122 are derived from the 
corresponding reflection groups by adding the “central inversion’’ which 
reverses the signs of all the x’s [11, pp. 368, 392]. In the notation of Du Val 
[18, p. 32] the groups are 


2(3"-"] and 2([3? 2 4), 
Hence in these cases the number of automorphs is twice the order of §, namely 
2(n +1)! for An, 144-6! for Eg 
(8, pp. 366-368]. 


10. The enumeration of simple Lie groups. We saw, in §§5 and 6, that the 
fundamental region for the group G corresponding to a connected reflexible 
form is a Euclidean simplex whose dihedral angles are submultiples of x. We 
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saw also that such a simplex is conveniently denoted by a graph whose nodes 
represent the m + 1 bounding hyperplanes or the respectively opposite ver- 
tices,and that a certain number f of the vertices (most naturally described as 
the “sharpest corners” of the simplex) are special in the sense that they lie 
on the greatest possible number of reflecting hyperplanes of G. (Stiefel [40, 
p. 363] calls them Knotenpunkte. His 1, m, y are our n,s, 1.) This simplex 
is the polytope (P) of Cartan [9, pp. 216-228]. The discrete group G (Cartan’s 
G:) is generated by reflections in the bounding hyperplanes of the simplex, 
and transforms any special vertex O into the point-lattice A (his R) which is 
conveniently symbolized by ringing the corresponding node of the graph, as 
in §7 above. If f = 1, this is the lattice of all special points. But if f >1, 
the simplex has f special vertices Oo, O1,...,Oy;—1, and all the special points 
form a more complicated point-lattice, A’, consisting of f superposed A's [17, 
p. 206]. This lattice A’ is naturally symbolized by ringing each of the f 
special nodes in turn; e.g., for D,, A‘ is 


eS Ge ae: 


and for Eg, A? is 


2a eS 


and for E;, A? is 

The points of A/ are distributed on s families of parallel hyperplanes. When 
a = 1, so that G is a “trigonal” group [17, p. 204], the distance between 
consecutive planes is the same in all the families, and there is a minimal vector 
of A perpendicular to the hyperplanes of each family. Hence, in the trigonal 


cases (namely An, Dn, En), A and A/ are reciprocal lattices. In particular, 
they are similar lattices in each of the cases A», Dy, since the lattices 


ash = {3, 6}, hd, = {3, 3, 4, 3} 


are similar to their own reciprocals (17, p. 181]. These are the same as the 
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lattices for Gz, Fy, respectively, where A and A/ coincide for the simple reason 
that f = 1. 

For C,, A is the ordinary cubic lattice 6,4:, while A’ is the body-centered 
cubic lattice formed by two dual* 6,4,’s [9, pp. 229, 230]. For B,, A is the 
alternated cubic lattice hé,4,:, while A’ is the 6,4; formed by two complemen- 
tary hé,4:'s. In fact, A’ for B, is the same as A for C,, namely the self-recip- 
rocal lattice 5,4,:; A for B, is the same as A for D,, and A’ for C, is the same as 
A’ for D,. Hence 


10.1 A’ (the lattice of special points) and A (the lattice of transforms of one 
special point) are reciprocal lattices except in the cases B, and C,, (n > 2), where 
A! for each is reciprocal to A for the other. 


The translation group T of the lattice A is a subgroup of index f in the trans- 
lation group T’ of A’. The larger group T’ includes translations from Op to Ou, 
O2, etc. When f is composite, say f = gr, T may be a subgroup of index r 
in an intermediate group T’ which is itself a subgroup of index gin T’. Thef 
points O; then fall into g sets of r, such that T’ is transitive on each set. The 
corresponding lattice A’ (which we shall sometimes prefer to write as "A) 
consists of r superposed A’s. Similarly A’ consists of g superposed A”’s. By 
considering the individual cases, we shall find that such a lattice A’ occurs for 
every divisor of f. Sometimes there are two different lattices for the same 
value of 7; that is why we need the modified symbol "A. 

In the case of A,, the fundamental simplex (whose vertices are all special, 
so that f = n + 1) is given in terms of a + 1 Cartesian coordinates by 


fB<F?¢...f€ Oe <F+1 F+... +H =0 


[12, p. 162; cf. 9, p. 219, where the coordinates are oblique]. Thus the co- 
ordinates for its vertex O; consist of i repetitions of —1 + i/(m + 1) followed 
by m + 1 — é repetitions of i/(m + 1). The coordinates for the transforms of 
this point O; are all congruent to i/(m + 1) mod 1 (with sum zero). Hence 
the special points on the line 0,0, are transforms of all the points O; for which 
4 isa multiple of g. It follows that any divisor r of m + 1 yields a point-lattice 
A’ consisting of all the transforms of each of the r points 


10.2 Oo, 0, Or, a a | O(r—1) 
where g = (m + 1)/r; e.g., for As, A*® consists of three superposed ash’s: 


10.3 + + 


Since the transforms of O;, have coordinates congruent to j/r mod 1, it is 


*We speak of dual honeycombs, rather than reciprocal honeycombs [17, p. 182], to avoid 
confusion with the different concept of reciprocal lattices. 








roid 
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natural to alter the unit of measurement so as to describe A’ as consisting of 
the points whose coordinates are integers mutually congruent mod r, with 
sum zero. 


Similarly, the fundamental simplex for D,, given by 
$2F2...2% P'°+20, $+ FC 1 
[9, p. 220], has four special vertices: 


Oo = (0,0,..., 0,90), 0; 
O, = (1,0,...,0,90), O; 


(3,3,--++43, —4), 
(3,4,---+4, 4). 


The coordinates of the transforms of O» or Oz are integers whose sum is even 
or odd, respectively. The coordinates of the transforms of 0; or O; are num- 
bers, congruent to 4 mod 1, whose sum differs from 4m by a number which is 
odd or even, respectively [9, p. 230]. Hence the transforms of O» and QO; to- 
gether form a cubic lattice 6,,4:, but the transforms of O» and O, (or of O» and 
O;) form a lattice only when n is even. It is convenient to distinguish these 
two cases (e.g. 


ibd Te 


when n = 6) by the respective symbols *A and A*. When m = 4, the special 
vertices of the simplex are completely symmetrical, so the distinction dis- 
appears. 

Having found the various lattices A’ (or "A), we obtain appropriate sym- 
bols for the corresponding classes of forms by using, in place of the letter A, 
the “family” symbol A, or B,, etc. Thus the complete list is as follows: 


10.4 


A.’ (rjn+1;”=1, 2, 3,...), 

Ca. Cot (n = 2, 3, 4 

10.5 B,. B,? (ns = 3, 4, 5,...), 
Da, "Da, Da! (s = 4, 5, 6,...), 

D,? (n = 6, 8,10,...), 


Es, Eé, E;, E?, Es, Fy, G2. 


(We exclude D, because it is the same as *D,. This is clear from the graph, 
which should really be drawn in three dimensions like the structural formula 
for methane.) 

Later on we shall adopt the same symbols for particular forms in these 
classes. Since one lattice may arise from several different groups, the following 
equivalences occur among the forms: 
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A,~ Ay, A,~ A? ~ Gi, C.~ C?, 
A, ~ B,, A?v~ Be ~C,, As ~ C#, 
10.6 CE~ By~ Dy, ~Di ~ F, 
B, ~ Dna, C, ~ B,? ~ Da, C,? ~ D,', 
A? ~ E;, A; ~ E?, 
A; rw D? ~~ Es. 


(Of course, A,” does not mean the rth power of A,.) Thus the most concise 
list of the classes is 


A,’ (rim +1), Ca, Cn%, Dn, Dn? (meven, >6), Es. Ee. 
with the inevitable duplications 
A\~ Ai’, Aw~ A?, C.2~ C?, A?~ C;, Asi ~ C?, Ce~ Ds, Ag~ D-. 


In §§12-14 we shall obtain simple expressions for A,”, C,”, Dn? and E,*. We 
shall find that they are not all perfect. But 4.3 (with group $) shows that 
they are all eutactic. 

The application of these geometrical ideas to the theory of Lie groups, 
developed by Cartan, Witt [45] and Hopf [29], may be summarized as follows. 
Every Euclidean simplex whose dihedral angles are submultiples of x is the 
fundamental region for a group generated by reflections; this discrete group G 
represents a family of locally isomorphic simple Lie groups; and every com- 
pact simple Lie group arises in this manner. Stiefel [40, p. 374] showed that 
the individual Lie groups in each family may be distinguished by associating 
them with the lattices A” (or "A). Thus 10.5 can be interpreted as a complete 
list of compact simple Lie groups. 

In particular, A, is the group of quaternions of norm 1 [40, p. 378]; A’ is 
the group of rotations of a sphere with a fixed centre, or the group of displace- 
ments in the elliptic plane; and Gz is the group of automorphisms of the 
algebra of Cayley numbers [8, p. 370]. 


11. Determinants. The determinant of a reflexible form (or, more gener- 
ally, of any form represented by a tree in the manner of §5) is easily computed 
by the following rule. Let A denote the whole determinant, A’ the cofactor 
obtained by deleting a node of degree 1 (say the kth node) and its single 
branch, and A” the cofactor obtained by deleting also the remaining end of 
this branch along with any branches occurring there. Then, since the only 
non-vanishing elements in the kth row or column of A are a,x, and one ay, 


11.1 A= ay,’ —- ai72A". 


(The case when ay, = 2 and ay = —d* was described by Witt [45, p. 302].) 
It follows almost immediately that the determinants of 


An, Car B,, Dn, E,, F,, Ge 
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— ; 4 4 9-n 
> - 2 r- 





t, =i. 


A. J. Coleman has made the interesting observation that these numbers 
are related to f in each case by the formula 


A= foun ees Ga2,/2". 
This means that f = det (C;;), where 
Cis = 2ass(ae aj) 


so that C;; = 2 and any other C;; is twice the cosine of the angle between t; 
and t;. This enables us to replace the expression 6.6, for the order of $, by 


2*Az® z!. .. on! 


Of course, 2"A is simply the determinant of the doubled form > }2a;j;«‘x’, 
whose minimum is 2 instead of 1; e.g., the determinant of 2A, is » + 1. 


It is interesting to observe that the determinants for the new classes of 
forms A,”, etc., can be computed before we have obtained any particular 
forms in these classes. In fact, A” has r times as many lattice points (in a 
large region of m-space) as A itself; therefore the period parallelotope is r~ 
times as great. We saw in §3 that the content of the parallelotope is At. 
Hence the determinant for A’ is r~* times the determinant for A; e.g., for 2A,” 
it is 
11.2 (m + 1)r~. 


12. The forms A,’. We seek a form whose point-lattice consists of the 
transforms of the r points 10.2 under the group G generated by the symmetric 
group on the m + 1 coordinates (which is §) along with the translation (1, 0, 
0,...,0, —1). Since 2A, is such a form when r = 1, it is natural to use 
such a unit that a suitable form in the general case is denoted by 2A,". The 
precise expression for this form depends on our choice of a basis for the lattice. 
An obvious but redundant basis is afforded by any basis for A, say 


Pi — Pe, Pe — Ps,---, Dn — Pn+r, 
along with the vector 
O00, = (—1 + 97")(pi +... + Py) HO Posit - ~~ + Pn+i) 
=—(pit...+ py) tr (pit... + pn4). 


The desired basis of m vectors is derived by omitting one of these n + 1, 
namely one that can be expressed in terms of the remaining n. Accordingly, 
we ask whether p, — pa+: can be expressed in terms of 


12.1 ti - Pi il P2, t, = Se Da ccc» Cand = Pn-1 —_ Pn, 
t,= —(pit+...+p,)+r"*Lp (qr =n + 1). 
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In this investigation we assume r > 1, since otherwise t, would vanish. 
We have 


12.2 B— Pp=t+tait...+ tyr (i<j <n) 
and 

q r—1 
—rt, = (r—1)(pit ve. + Py) ai (Petit 2 oe + Por) - ue 2. (pi Pko+i): 


The only term in this double sum that is not of the form p; — p; withi<j <n 
is the final term p, — p,r. Using 12.2 for all the preceding terms, we obtain 
an expression for p, — P,r involving the t’s alone. Finally 


Pr — Pa+i = (DP, — Por) a (Py _ Pn). 


Thus the vectors 12.1 do constitute a basis, the general lattice point is 
given by the vector 


x'ti+ ... +x"t, ={x!—(1—r—)x"} Pi + > { —x*I4x24—(1—r7)x"} Pi 
i=2 
n—l 


+ DL (ma pit x") pt (— +91") a + 7" Pag, 


i=¢q+1 
and the desired form 2A,” is 


@ 
(x'ti +... + x"ta)? = fx? — (lL —r™)x*}2?4+ YS [—2t 4+ 2! - (1 — 9) x*}? 
i=2 
n—1 
+ > (—x*1+4x'+771x")? + (—x"" + r—x")2 + (71x)? 
i=q+l1 
= 2{ (x1)? —xlx?+ (x?)?—. nf + (x®-1)? —x%"} +q(1—r7")(x*)? 
=2{A,-1 — xx" + $q(1— r~1)(x™)?}. 
Accordingly we define, as one of the simplest representatives of its class, 
12.3 Ac? @ hea — 8° + (1-1) (x)? (7>1, w=n+). 

In particular, A? = E;, and A; is obviously equivalent to Eg. 

By 11.2, the determinants for 2A, and 2A,"*! are » + 1 and (nm + 1)™. 
By 10.1, the corresponding point-lattices are reciprocal, which means that 
either form is equivalent to the reciprocal of the other (see 3.3). More 
generally, 

12.4 The two forms 

2An” = 2Ag—1 — 2x%* + g(1 — r~")(x*)? 
and 2An* = 2Ag—1 — 2x"x* + r(1 — g™)(x"*)? 
belong to reciprocal classes whenever gy =n +1 (q>1,7r> 1). 


To prove this we use the covariant basis 12.1 and compute the contravariant 
basis t',..., t*, given by 
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t*- t; = 8, t'->p = 0, 
where >-p means pi+...+pn41. These relations with j < yield (for some k) 
th = (k+1)(pit...+ pi) + R(pigit...+ Pn) — (Mk +4) Pagi (i<n). 


Using t*- t, = 0, we soon find that k = —ig™ or —1 according as i < g or 
i2q. Thus 
Se en ot pi— ig" Dp + ir — 1) Pass <Q) 
—(Pipit..-+ Pn) + (m — 4) Panos (qQt< xn). 
Also t* = —¢g"'> p+ rpnis. 


These vectors generate the reciprocal lattice, which represents the recip- 
rocal form. To identify this with the lattice generated by p; — p,; and 
—(pit+...+pr) + ¢"ZLp, we observe that 


Pa—-p=t+t'-t (l<i¢g), 
Pi — Pa+i = t' — t*, 
Pa+i — Ds = th? — t° (g<i<n), 


Pa+i — Pa = rs, 


ow t” — (r — 1)t* (<Q), 
Pit+...¢ pp—gd'Lp= — (q—1)t* (r > q). 


| 
ati, 
s 


Thus 12.4 is proved. 


In particular, the reciprocal of A; is equivalent to A;? = E;. By 10.1, 
this is equivalent to the reciprocal of Z;*. Accordingly, we define 


E? = A. 
By 11.1, the determinant of 2A,_; — 2x%x* + g(1 — r~*)(x")? is 
A =q(1 — 1rd’ — A”, 
where A’ is the determinant of 2A,-; and A” is the determinant of the form 
derived from 2A ,-—, by setting x, = 0, namely 
2A g~s(x!, ..., 8) + 2Ag—_—i(x*™, . . . , 2*7). 
Thus A’ =n, A” =q(n— gq), and 


2 
12.5 a=d1- z \w- ang) = = 2 tT, 
n+1 n r 


in agreement with 11.2. 

It is interesting to compare this with the value of M, which we compute 
by considering the lattice points nearest to the origin. The coordinates of 
such a nearest point are obviously either 








1,—1 and nm—1 zeros 
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or g coordinates +(1 — r~*) and g(r — 1) coordinates * r~'. Thus 2A,” has 
12.6 M = min {2, g(1 — r~)}. 


(Clearly, this minimum is attained when one of the x’s is 1 while all the rest 
vanish.) 

The two sets of vectors that we have just been comparing are the trans- 
forms of + t; and + t, under the symmetric group §. The minimal vectors 
for A,” (n = gr — 1, r > 1) consist of one or both of these sets: the former 
set if (¢ — 2)(r — 1) > 2, the latter if (¢ — 2)(r — 1) < 2, both together if 
(q — 2)(r — 1) = 2. Since g and r must be positive integers, A;* and A? 
are the only cases where both sets are minimal. 

The transforms of + t; are the m(m + 1) vectors p; — p; (¢ #7). The 


number of transforms of + t, is evidently (”) or 2(*) according as r = 2 


orr >2. Thus s 2 3n(n + 1) in every case except 
A,*"'(s =n+1), A#(s =3) and A (s = 10). 


These exceptional forms, violating 1.1, cannot be extreme. But we shall find 
that they are the only failures: 


12.7 Every form A,” is extreme, except A,"*! (n > 2), A#, Ae’. 


By the remark at the end of §10, what remains to be proved is that every 
form A,” satisfying 1.1 is perfect. In the two cases where (¢ — 2)(r — 1) = 2, 
we know this already from 5.7, since A? = E; and A,’ ~ Eg. 

By 3.5, A,” is perfect when (g — 2)(r — 1) > 2, since its minimal vectors 
Pi — p; are the same as those of A,. (This may seem paradoxical. But in 
saying that a perfect form is uniquely determined by the value of its minimum 
and all the representations, Voronoi was speaking of the algebraic represent- 
ations, which depend on the basis t;,..., tn; he did not mean that such a 
form is uniquely determined by the geometrical arrangement of minimal 
vectors.) 

The remaining possibility is (¢ — 2)(r — 1) < 2. Since we are assuming 
r > 1 and excluding the exceptional forms A,"*! (¢q = 1), A? (q = 2), A? 
(q = 3), this inequality reduces to 


q=2,7r>2, 
in which case A,” is obviously equivalent to 
D, — r(x")? (m = 2r — 1). 


To test this for perfection, we investigate the possibility of a quadric cone 


2r 2r 


2X 2 bis ff? = 0 








as 


ind 


— 1). 


cone 
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containing all the vectors derived from (r — 1)(p: + ps) — (ps +... + Por) 
by permuting the 2r p’s. Direct substitution yields 


2r 27 


; 2r 
(r — 1)*(b11 + 2012 + B22) — 2(r — 1) re (615; + b2;) + OY i; = 0. 
303 
In terms of e;; = 2);; — by — 5;;, this becomes 
2r 
12.8 (ry — 1)? e12 — (fF — 1) d (ery tes) + DO Dei; = 0. 
3 2<i<j 


Interchanging subscripts 2 and 3, subtracting, and dividing by r, we obtain 


2r 
12.9 (r — 1)(e12 — e138) — PB (€23 — é3;) = 0. 


Since e;; = e, and e¢;; = 0, this implies 
2r 
r(€i2 — €13) = 2X (€23 — €3;). 
Since there is nothing special about the subscript 1, we deduce that ej. — e;3 
is the same for all values of z (other than 2 or 3), say 
Ci2 ~ Ci3 = d. 
By 12.9, (r — 1)d = (2r — 3)d, whence (r — 2)d = 0. Since r > 2, d = 0. 


Thus ej: = é€;3, and since there is nothing special about 2 and 3, we deduce 
that e;; has the same value for all i # j, say 


Qij = C. 


By 12.8, (r — 1)’c — 4(r — 1)*%c + ¥ 7 *) c = 0, whence r(r — l)c = 0, 
c= 0, 2b; ; = bs + b 55, and 

Lois! = FLU bi + ONE = CLs! = Le. D5 5t. 
Thus the only quadric cone containing all the minimal vectors is the degener- 
ate cone that consists of the n-space }-& = 0 (which contains the whole 
lattice) and an arbitrary second n-space. Hence the form is perfect, by 3.5. 


But we have already seen that it is eutactic. Hence it is extreme, and 12.7 
is proved. 


By 12.4 with g = r, the form 
2An—1 — 2x"x™ + (r — 1)(x")? (n = r? — 1) 


is equivalent to its own reciprocal. When r = 2 this is the imperfect form C,. 
When r = 3 it is equivalent to 2E,. For any odd value of r we can halve it 
to obtain the extreme form 


Ani — x"x" + 3(r — 1)(x*)? (n = r? — 1) 
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which is remarkable as having the least possible determinant for a positive 
definite (r? — 1)-ary form with integral coefficients. O’Connor and Pall [33, 
p. 329] found an imperfect form of the same determinant (A = 2~*) consisting 
of the sum of 2/8 forms E, in separate sets of variables. 

The coefficient of (x")? in A,” is again integral when g = 2r. Then the 
form is 

Agi — xx" + (r — 1)(x")? (m = 2r? — 1), 

with M = 1 and A = 2". When r is even, this is an integral (2r? — 1)-ary 
form of least possible determinant: e.g., when r = 2 it is Ey. 


By 12.5 and 12.6, the form A,” with nm = 2” — 1 has 


M* al 2\"" 
Me = - 0?) ° 


In particular, the quinary form 


Ag= (x")?— xix? (x*)?— x2x8+ (x*)?— xixct+ (x*)?— x2x5+ 3(x5)?, 
whose lattice is 10.3, has 
M* _ ,f2\* _ 512 
i tee | 6 oe 


But the extreme quinary forms are all known, viz, As D; (or Bs) and an extra 
one which Korkine and Zolotareff named Z [32, pp. 243, 247]. Hence Z must 
be equivalent to A,;', and we can verify this directly by deriving Z from the 
basis 


— Cis, Cos, Cas, Cas, Cis, 
where 


C3 = — (ps + ps) + 3D. 


Another interesting special case is the septenary form A;* = E;*, whose 28 
pairs of minimal vectors +¢;; correspond to the 28 bitangents of the general 
plane quartic curve [11, p. 406]. 


13. The forms C,? and D,?. The n-dimensional body-centred cubic lattice, 
representing C,”, has the obvious basis 


ti = pi, ..., tea = Par, tea = — 3( Pr +... + Da), 
in terms of which p, = — (ti +... + ta-1 + 2t,). Accordingly we define 
C2 = (x ty +... +x" tar +-x"tn)? = { (x! —4x")pit...+ (x9! —4x*)pa-1— }x"pa}? 
= 3 (x* — 4x*)?. 


Since A = 1 for C,, the principle at the end of §11 yields A = } for C,*. 
Clearly, a minimal vector is either + p; or $(— pi +pet...+p,). Thus 


M = min (1, 3). 
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Since there are 2m vectors + pj, and 2" of the other type, 


s=2*"" or 2+2*" or n 

according as n<4 or n=4 or n>A4., 
By 1.1, C,? is imperfect whenever nm ~# 4. Hence 

13.1 The only extreme form C,? is C?, which is obviously equivalent to D,. 

The ternary form 

=P + Hx + Qy + 2) +2 = A(x — 2) + (+ 2y +2)? +(e +2)} 
of §1 is equivalent to 2C? by the transformation 
s=x,2%=—-yxe2=x+2, or x=x'y = — x2, 2 = x? — xl, 

Its reciprocal form, ¢ or Az, is equivalent to D3. More generally (see 10.1). 
the reciprocal of 2C,? is equivalent to B,, and therefore also to D,. In other 
words, the reciprocal of C,? (which has A = }) is equivalent to 2D, (which 
has A = 4). 

In the case of C,2,§ is the “hyper-octahedral” group [3"~, 4], of order 2"n!, 


generated by the permutations and sign changes of the p’s. This is the whole 
group of automorphs except when n = 4. 


The form D,? is more interesting. Here § is the group [3"~*""], of order 
2"-'n!, generated by reflections in the hyperplanes &* + # = 0, and G contains 
also the reflections in # + # = 1. The point-lattice consists of the trans- 
forms of O» and O3;, in the notation of 10.4. Since these points are just as 
densely distributed as the transforms of Oo and O:, which are the points of the 
ordinary cubic lattice, we still have A = 1. 

A minimal vector is either + pj + p;, or $(+ pit pe +... +p.) with an 
even number of minus signs; thus 


M = min (2, 3m). 
A convenient basis is 


ti=pi—P2, eee tr—2 = Pa-2— Da—-1, t,.1= Pn—2+Pn—1, t,.= —4}(pit. . Pn), 
in terms of which 
Pn—-it+ Pa= —{tit+ 2te+ “+. +(n—3)ta_st+ (}n— 1)(ta—2+ tn—1) +2ta}. 


(Notice that the lattice includes every vector 2p;, but not p; itself.) Thus 
the form is 


a—3 


(Exit) = {Gd it E (—2h 0H), 
+ (apa? — ba) Past (— 2" 2 $2") Pas 3" 
= (x!—3x")?+ pp (—x!1+4-x!— 4x")? 
te (eet — he") + (1 — hx")? + (90*)* 
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= 2f (x!)?— xx? + (x*)?@— 22x... — 28x 2+ (x)? 
— xt (x™—1)2 ie x*—1z"} + dn(x™)? 
= 2D,~-1—2x*" 1x" +3n(x")?. 


Halving this for closer analogy with the other forms, we define 
D,? = Das — x*'x* + $n(x*)*. 
Since there are 2m(m — 1) vectors + p; + pj, and 2" of the other type, 


s=2"? or n(n —1)+2*? or n(n — 1) 
according as 


n<8 or n=8 or n> 8. 


Thus the form is imperfect when m = 2 or 4 or 6. But it is perfect when 
n > 8, since the vectors + p; + p; are likewise minimal for D,, as we saw 
in §8. Hence 


13.2 The forms D,? with n = 8, 10, 12, ... are extreme. 


We easily find by inspection the contravariant basis 


t'= pi— pa, = pit p2—2pn, ..., t™*=pit... + Pa—s —(m — 3) pa, 
t™ = t*™'— pr_it pa, t** = (pit... + pa) — Supa, t* = — 2p,. 


When $n is even, these contravariant t’s generate the same lattice as the co- 
variant t’s. But when 4m is odd they generate the image of that lattice by 
reflection in one of the hyperplanes £* = 0; for then we can give p, an even 
coefficient by writing t™"! = 3(pit... +DPa-1 — Pn) — (40 — 1) Da, 
which shows that the reciprocal lattice consists of the transforms of O» and 0,, 
instead of Op and O;. In other words, the reciprocal lattice either coincides 
with the original or is its reflected image. Hence 


13.3. The form 2D,? is equivalent to its own reciprocal. 


Clearly $, of order 2"~'n!, is the whole group of automorphs except when 
n=4or 8. But 2D¢ is obviously equivalent to C,, and therefore also to 
(x?)?+- (x*)*+- (x*)?+ (x*)?; and D is obviously equivalent to Es. Incidentally 
D,2 (with A = 2-") remains an integral form of least possible determinant 
whenever 1 is divisible by 8. (Since D? ~ A,*, we might expect D2? to be 
equivalent to A»; but this is not so, as s = 552 for the former and 300 for 
the latter.) 

To prove that D,? is equivalent to the W, of Korkine and Zolotareff [31, 
p. 367] we can use the basis 


Pit Po, Pi— Po, Pit Ps, Pit Pa, --- » Pit Pas, (Prt... + Pn), 
which yields the form 








2 


e; 


en 
aw 
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{x\(pit+p2) +x°(p1—p2) +x°(pitps) +... +x"-(pitpa—s) + 4x"(pit...+p,)}? 
= (x8 P+... x §a*)?+ (x! — 2*+ §2*)? 
+ (P+ §x*)?+ 22. + (x? + 9x")? + (4x*)* 
- 2x (x8)? > xixk— xix? — x24 .- (x")?}. 
j< 


14. The form E,*. Beniamino Segre [39, p. 3, §4] denotes the twenty-seven 
lines on the general cubic surface by the symbols 


Ojk, kOj, jk, 


where j and k take the values 1, 2, 3, independently. Typical relations of 
incidence are as follows: 011 intersects the ten lines 


022, 023, 032, 033, 01, j10 


(each having just one coordinate in common with 011) and is skew to the 
remaining sixteen lines. 


The corresponding vertices of the six-dimensional polytope 22; [16, p. 469] 
are 


14.1 (0, w’, —w*), (—w*, 0, w’), (w’, —w*, 0), 
where w = e**/*. Here the values of j and k are most conveniently taken to 


be 0, 1, 2, but can just as well be 1, 2,3, making the agreement complete. Cor- 
responding to the relations of incidence, we have the fact that two vertices 


(', #,&) and (y', 9, 9°) 
belong to a diagonal or to an edge according as the real part of 
SFP +e P+ HH 
is equal to — 1 or }. 
If we interpret w as a primitive root of the field GF(2*), the minus signs in 
14.1 can be omitted, and we have Frame’s notation for the twenty-seven lines 


(21, p. 660]. This notation is exactly the same as Segre’s, except that Frame 
uses the symbols 1, w, & where Segre uses 1, 2, 3. 


Returning to the interpretation of w as an ordinary complex number, we 
observe that the twenty-seven vectors 14.1 (in complex 3-space) generate the 
lattice of points (£', #, #) whose coordinates are integers of the Eisenstein field 
R(w) satisfying 

f+ +8 =0 (mod d), 
whereA = 1 — w. This lattice, whose vertex figure consists of the two “semi- 
reciprocal” 22;’s 


(0, to’, Fw"), (Fo*,0,+0%), (+0/, Fo", 0), 


is easily identified with the lattice representing EZ,’ (see page 423). In fact, 
one of the three superposed 222’s is given by 
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§ = & = & (mod A), 
as we saw at the end of §8. The other two are derived from this by adding, 
in turn, the vectors (0, 1, —1) and (0, —1, 1). 
As a basis for the whole lattice we may take the six vectors 
ti = (Aw, 0,0), te = (A, 0,0), ts = (-—1, —1, —1), 
ts = (0, A, 0), ts = (0, w, —w), ts = (0, 0, Aw). 


For, using x'. . . x* as an abbreviation for x't, + ... + x*ts, we find 


000010 = (0, #, —w), 000011 = (0,, —&), 012221 = (4,0, —1), 
000110 = (0,1, —w), 000111 = (0,1, —&), 112221 = (w, 0, —1), 
001110 = (—1,0, 4), 001111 = (—1,0, w), 122221 = (1,0, —1), 
011110 = (—w, 0, &), 011111 = (—w, 0, w), 012342 = (4, —4, 0), 
111110 = (—4, 0, &), 111111 = (—&,0,), 112342 = (w, —a, 0), 

122342 = (1, —&, 0), 
000121 = (0, —4, 1), 123342 = (0, w, —1), 
001121 = (—1,,0), 001221 = (—1, 1,0), 123442 = (0, 1, —1), 
011121 = (—w, w,0), 011221 = (—w, 1,0), 123452 = (0, —4, 3), 
111121 = (—&, w, 0), 111221 = (—4, 1,0), 123453 = (0, —a, w). 


The general vector 
xixtgtatcig® = (Awx! + Ax? — x*, — x? + Axt + wx, — x? — wx® + Awx*) 
has norm 
(Awx! + Ax* — x*) (—Awx! + Ax? — x°) 
+(— x? + dxt + wx) (— x? + Kxt + ae) 
+(— x? — wx® + rAwx®) (— x? — ax® — ox’) 
= 3(x')? — 3x'x? + 3(x*)? — 3x*x* + 3(x*)? — 3x%x* + 3(x*)? — 3xtxt 
+ 2(x*)? — 3x5x* + 3(x*)? 
=3A, — (x°)*. 
We therefore define 
Eé@ = Ag — 3(x*)?*. 
Alternatively we may use a Euclidean hyperplane of Minkowskian 7-space. 
As we remarked in §8, Du Val [18, p. 33] obtained the vertices of 2,; as integer 


points on S*°. In particular, the vertices of 22; are those integer points which 
satisfy the two equations 


G+... ¢ 8 = 37 —2, (8) +... + = (€)*, 


namely the twenty-seven points aj, @2,..., @¢, Di, De, ... , De, Ciz, Cis, . . - , Cosy 
where 


a,= (1,0,0,0,0,0;1), ci = (0,0,1,1,1,1;2), by = (2,1,1, 1,1, 1;3), 
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and so on. Shifting the origin to the centre, we obtain, in the Euclidean 
6-space #' +... + & = 3’, 


a= 3, —- 3,-3.-%-4%-%-—D, Ci = (— 9, — 4,4,4,4,4; 0), 
b; _ (4, 4, 4, 4, 4,4; 1), 


etc. Identifying these points with the corresponding vectors, we record the 
useful combinations 


a, — a2 = b; —b. = (1, - 1, 0, 0, 0,0;0), etc., 
bi — @; = be — ag =... = (1, 1,1,1,1,1;2), 
@; + a2 + as + a + 5 + & = (—3,—3,—3, —3, —3, —3; —6) = —3(bdi — ay). 


Since a; + b; + c;; = 0, the lattice generated by the a’s, b’s and c’s is 
actually generated by the a’s and b’s alone (though not by the a’s alone, 
since we would need the non-integral combination 4 >> a;; see Burnside 
[7, p. 487]). In fact, a convenient basis is 


14.2 ti = a; — @o, te = a2 — as, ts = Aas — A, 
‘ ts = a4 — as, ts = As, t. = bi — a, 


in terms of which 


a; ti + trict... + ts (¢ < 5), 
Map =a, +... + as — (ai +... + as) 

— 3t, — (ti + 2te + 3ts + 4t, + 5ts) 

— (ti + 2te + 3ts + 4ty + Sts + 3ts) 


and, of course, 
b=a:+ t (¢ < 6). 
Expanding 14.2, we have 
t, = (1, —1,0,0,0,0;0), te = (0,1, —1, 0, 0,0; 0), 
t; = (0, 0, 1, —1, 0, 0; 0), 
(—j, —%, —j, —§}, 4, —4; —1), 
& =~ ¢, 4.44, 2. bs DB 


ty = (0, 0, 0, a —1l, 0; 0), ts 


whence 


(X x*ts)® = (xt — Gad + x8)? + (—x! + x? — Gt + x)? 
+ (x? x? — Fe + x*)? + (— 2? + xt — §x* + 2)? 
+ (—xt + dct + x9)? + (— Gat + x4)? — (—2* + 2x4)? 
= 2A, — 3(x*)? = 2E. 
This senary form is eutactic, since all the forms 10.5 are eutactic (by 4.3). 
To test it for perfection, we ask whether its minimal vectors can lie on a cone 


7, Ps 6 ; 
ps L bt? = 0, 2X e = 3. 


Now, the fifteen vectors —c;; = pi + py — $(pi +... + pe) all lie in the 
5-space #' ++... + & = 0, &? = 0; and we saw on page 431 that any cone 
containing them must degenerate into this 5-space and another. Thus it 
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only remains to be seen whether the twelve vectors a; and b; all lie in one 
5-space. They certainly do not, since the corresponding points form two 
simplexes in parallel 5-spaces. Hence 


14.3 The senary form Et = Ag — 4(x*)* is extreme. 


The determinant of this form is easily found from 11.1 by computing, in 
turn, the determinants of 2A;, 2A:, 2As, 2As, 2A4 — 2xtx® + 4(x*)? 
and 2A, — 2x‘ + 4(x*)? — 2x*x* + 2(x*)*? = 2E,%, namely 

2, 2-2-1=3, 2-3-2=4, 2-4-3=5, 4-5-4=§ 
and 2:-$—5=%3. Thus A=}. Since M = 4, 


The two forms D, and E,' provide the surprising spectacle of two ways of 
packing equal spheres in six dimensions, the number of spheres touching any 
one sphere being 60 or 54, respectively, although the latter is the denser packing 
(since 2* < 2/35). 


Instead of 14.2, we could have taken as basis 
t; = Cyos—@1, te = Aa1—@2, t3 = A2—Azs, ty = As—as, ts = —Cas, te = Ag—As, 


obtaining the same expression again for (>> x‘ t;)*. Since a; — a; = Cj —Cy, 
the five vectors te,..., ts (without t,) generate the fifteen c’s and are thus a 
basis for the lattice representing A,’ or D; — }(x*)* (which we found to be 
equivalent to the Z of Korkine and Zolotareff). Leaving out t; means setting 
x' = 0. Hence, after another trivial change of notation, 


14.4 The extreme quinary form A; is equivalent to A, — }(x*)*. 


This equivalence can be verified directly by comparing the basis 


Pi — Po, P2 — Ps, Ps — Ps, Pa t+ Pc —F>D DP, Ps — Ps 
for As — }(x*)? with the basis 


Pi — Pe, P2 — Ps Ps — Pa, Pa — Ps, Pt+ps—-t>dp 
for Ds — 4(x*)*. 


15. Conclusion. The forms that we have been discussing are all derived 
from groups generated by reflections in the manner explained in §§5 and 10. 
The principal results are epitomized in the table (page 439) of n-ary forms 
up to ” = 11, which covers all classes of extreme forms for m < 6, possibly 
also for » = 7. The actual expressions are given on pages 394 and 405. 

For an extreme form, M"/A is (locally) maximum, i.e., A/M* is minimum. 
The table records the more convenient number 2"A/M*. This attains its 
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one TABLE OF THE SIMPLEST ExtTrREME Forms 
wo 
Korkine and | Group 2\" 
Form Zolotareff’s jof auto-| Order s M | 2"A (7) A 
M 
P symbol morphs 
in — 5 
x)? A, U; [] 2 1 1| 2 2 
Ax~G: U2 [6] 12 3 l 3 3 
Ay~B,~D; Us (3, 4] 48 6 1| 4 4 
A, U, 2(3*] 240 10 l 5 5 
Be~D y~ F, Vs (3, 4, 3] 1152 12 1 4 4 
As Us 2(3*] 2-6! 15 l 6 6 
A; Z 2(3*] 2-6! 15 ; 3 3*/2* 
: of By~D,; Vs [3*, 4] 255! 20 l 4 4 
any As Us 235} | 27! | 21 1| 7 7 
ing Be~D, Vs [34,4] | 2%! | 30 | 1| 4 4 
E? 2[3?*1]| 144-6!| 27 | 2] 4 3*/2¢ 
Es xX 2(3?7"] | 144-6! 36 l 3 3 
m A; U; 2[3] | 28! | 28] 1] 8 8 
" B,~D, V; [35,4] | 2°77! | 42 1| 4 4 
Cik, Af*=E? [3*24] | 8-9! 28 3 4 23/37 
Is a A?=E; Y [324] | 8-9! | 63 | 1] 2 2 
“a As Us 2(37] | 2-9! | 36 1| 9 9 
ae Bs~B, Vs (3*,4]| 28! | 56 | 1| 4 4 
Ag~D, ~E, Ws [342-1] 192-10! | 120 l l 1 
Ay Us 2[3°*] 2-10! 45 1} 10 10 
By~D, V, [37, 4] 2°9! 72 l 4 4 
A,° 2(3*] | 2-10! 45 ‘ i 58/2" 
A? 23] | 210! | 45 | 1] § § 
Aw Ui 2(3°] 2-11! 55 1} ll 11 
Bi~D yy Vio (38, 4] 2'°10! 90 l 4 4 
Die Wio [37] | 2°10! 90 l 1 1 
Au Un 2[3'] | 2-12! | 66 1| 12 12 
ved Bu~Dis Vis (3,4) | 2511! | 110 | 1] 4 4 
10. Ay? 2[3) | 2-12!/ 66 | 1| 3 3 
_— Ai® 2/3] | 2-12! | 66 §/ 4 | Qugie/5u 
bly Au? 2(3] | 2-12!| 66 | 1| 4 $ 
Ais* 2[3"] | 2-12! 66 1 3 3 
um. 
its 
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smallest possible value (for each m) when the form is absolutely extreme 
(viz, Ai, As, As, Ds, Ds, Es, Ex, Es). The absolutely extreme forms for n > 8 
are not listed, because they are not related to groups generated by reflections; 
in fact, they are essentially more complicated: their groups of automorphs 
are not transitive on their minimal vectors. 
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SPINOR SPACE AND LINE GEOMETRY 
VACLAV HLAVATY 


Synopsis. This is the first of two papers dealing with the projective theory of spinors. It 
contains the algebraic introduction to the projective spinor analysis which will be dealt with 
in the second paper. 

The leading idea may be roughly described as follows: Let Q be the ideal quadric of the 
isotropic cone of a four dimensional centered vector space Ry The ideal space L; of Ry may 
be looked upon as a non-euclidean space with the absolute quadricQ. Using the Cartan 
matrix! (0,12) one obtains a “representation”’ of L; by a linear complex I’ in the spinor space S; 
(Theorem (2,2)) with a linear congruence K as an “absolute” (Theorem (1,3)). In particular 
the biaxial involution (2,1) which leads tol is closely connected with Dirac equations (dealt with 
in the second paper). On the other hand Q as a two parametric point set is mapped on K, 
while Q as a three parameter set of lineal elements (Definition (5,1)) is mapped on S;: A 
lineal element is mapped on a couple of spinors (Theorem (5,2)) and vice versa a spinor is a 
map of a lineal element (Theorem (6,3)). Finally the map in S; of any “‘orthogonal”’ transfor- 
mation in L; is found (Theorem (7,2)) and vice versa the map in L; of the biaxial involution 
(2,1) is given (Theorem (8,1)). 


The second paper based on these results and on equation (6,5b) will deal with the analysis 
of the spinor space 5;. 


Introduction. Consider a centered four dimensional space R, with the 
isotropic cone* 


(0,1) Q = xixlt + xiv = 9, 


The ideal point of the direction defined by a vector x(x", x", x", x!) will be 
denoted also by x. It is obviously determined by its homogeneous coordinates 
ax!: elt: xMI: xI¥. Hence the ideal space L; of R4 may be looked upon as a non- 
euclidean three space with the absolute Q. A point’ x will be termed isotropic 
(anisotropic) if it is (is not) onQ. The group of all projective transformations 
in L; which reproduce the form x'x" + x"'x'Y (up to a factor of proportionality) 
will be denoted by (T). 

The group (7) splits in a group (G) of all transformations from (T) which 
reproduce each of both reguli of Q and a family (F) of all transformations from 
(T) which interchange these reguli. The “dot product” x.y of two points 


(0,2) X.Y = Faby + lly! + qlllylV + glvylt, 


Received June 7, 1950. 

1Cartan [1], cf. also Veblen-von Neumann-Givens [5]. 

"If we put 

ste x+iy, x = x — iy, x! eo c+ ct, xlY = 2s — ct, 
we have 
Qaexrixyisz—ct =O, 

which is the usual form in the special theory of relativity. 

*From now on we understand by point or line a point or line in Lys. 
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is obviously (7)-invariant (up to a factor of proportionality). 
Assuming Q in parametric form 


(0,3) x = x(u", u*) 


443 


and introducing the symbol‘ x, = x we obtain the conformal metric tensor 
1 


of Q 


(0,4a) Ay = Xr. Xz, 


which transforms under 


according to 
(0,4b) *d,, = p* dry. 
The rulings *R4* of the reguli ‘R of Q may be expressed as follows: 
I 
(0,6) po (4,- 4 1, = ,0,0), 
Itt ill x! (xt)? 
spas ( cm oo 4.00, =.=), 
xiV xiV (x!¥)? x! 
provided 
(0,7) gigi ylv x 0. 
Throughout this paper we assume that the condition (0,7) is satisfied. 
put 
(0,8) P,AB = xl4x,5) 


then the vectors (on Q) 
4*e, = *RapP,4® 








e.g. 
allyl 4. lly, IV cla, 4 lly IV 
in om ea =~ 
(0,9) o gill o xi¥ 
are the null vectors of a,,, where 
(0,10) 2a,, = 'e, *e, + 'e, *e. 
By (0,5) they transform according to 
(0,11) *fe, = p ‘er. 

* A,B,C,D I, Il, U1, IV 
a,b,c,d have the range 1, 2,3, 4 
@,u,A,¥ wy 
i,j 1,2 


If we 


‘The homogeneous Pliicker point coordinates R42 = —R®4 are written in (0,6) in the 
following order: R'™, RULIV, RMI RIV, RIT RINIV, The same order will be kept for 
the homogeneous Pliicker plane coordinates Rap= — Rga. These are related to RAB by 

Rin=RW, Roy pw=RE, Ry wr =REY, Re py =R8 UW, Ry p= RU, Ry py = RMT, 
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Starting with a generic point x, we consider the matrix® 


z) 2) gi z¢ 0 0 x! xi 
(0.12) ary ZF Ze Ze} | 0 0 xv xl 
: ZY = Zz Zé ll De | 0 

Zi Zs Zs Ze xv —,z! 0 0 


It is well known from the spinor algebra that a transformation from (7) 
induces on the elements Z,° a transformation 

"Ee® = Ac* do? Za’, (Ac*A.° = 6,") 
where the coefficients A depend on (JT). Hence Z,* may be looked upon 
as the homogeneous components of a mixed tensor in a three dimensional 
projective space which we shall denote by S; and call a spinor space. Any 
object in S; will be termed a spinor object (spinor point, spinor plane and so 
on) and denoted by a Greek letter. Sometimes we say briefly ‘‘a spinor §*” 
instead of “‘a spinor point ¢*’. For Z,* we have from (0,12) 


(0,13) =e? z.? =z. x6.°, 


The scope of this paper is the investigation of the relationship between L* 
and S;. The correspondence between an object Oz, of L; and an object Os: 
of S; (and vice versa) will be termed a representation and denoted by L;«> S;. 
The correspondence between an object Og of Q and an object Os, of Ss (and vice 
versa) will be termed a mapping and denoted by Q «+ S;. Iu the first part of 
this paper we shall deal with the representation L; <> S; (starting with some 
theorems about the mapping of isotropic points). The second part deals with 
the mapping Q «+ S;. 


1. Mapping of isotropic points. The following theorems will be proved 
simultaneously: 


THEOREM (1,1). A necessary and sufficient condition that 


(1,1a) =e* ¢ = 
admit at least one spinor’ °* is that the point x be isotropic: 
(1,1b) x.x=0. 


THEOREM (1,2). Jf (1,1b) is satisfied then the locus of all spinors &* satisfying 
(1,la) is a spinor line 


(1,2) o72>(0, 0, x, xt, xl, x!V), 

(The homogeneous Pliicker point coordinates °=** = — °Z°* are written in 
the following order: °Z, °Z™, °Z**, "4, 91, °F = These coordinates are related 
to the homogeneous Pliicker plane coordinates °"Z,, = — “Za. by 


*This is substantially the matrix used in Cartan’s books [1] where also the theorem (1,1) 
may be found. 
TAs usual, £* = 0 is not regarded as a (spinor) point in 5S). 
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a 


=i: = a, Eu = 2", Bes = 2, 2 


THEOREM (1,3). The locus of all spinor lines (1,2) as x moves along Q is a 
linear congruence K with the axes 
(1,3) 'p2°(0, 1, 0, 0, 0, 0), 
*°°(1, 0, 0, 0, 0, 0). 
Hence Q as a point set is mapped by (1,2) on K and this mapping is a one to one 
correspondence. 
Proof. Theorem (1,1) is an immediate consequence of (0,12) and 
Zo Zy* t® =x. xt 
which follows from (0,13). If (1,1b) is satisfied then the four equations (1,la) 


reduce to two independent equations (linear in §*) which together with (0,7) 
lead at once to (1,2). The locus of (1,2) is obviously a two parametric one 


ee ea, : 
and the rank of the matrix (2, — °Z, —— °%) is*3. Hence the locus is a con- 


iy ue 
gruence of spinor lines (1,2). his a i. congruence because we have 
(1,4) Top °2*” = oI, °E* = 0, 
where I and +I are two linear complexes 
(1,5a) re*(1, 1, 0, 0, 0, 0), 
(1,5b) +r'**(—1, 1, 0, 0, 0, 0). 


The remaining statement of Theorem (1,3) is obvious. 
Note. The equations of °Z* mentioned in the proof are 
gel 4 etell gill 4 pty — Q 
In the special theory of relativity x' and x" are complex conjugate, so that we 
may put in this case 


(1,6) Bae, B= v. 


2. Representation of anisotropic points (Biaxial involution). Let v be an 
anisotropic point (v . v ~ 0) and Q,°* its corresponding matrix built up according 
to (0,12). Then the following theorem holds: 


THEOREM (2,1). The spinor transformation 
(2, 1) 'g* = 0,°¢° 
is a biaxial involution with the axes 
(2, 2) 2°4(—(v . v)4, e(v. v)4, o%, of, ol, vIY) 
(e= +ore= —). 
Proof. The double spinor points of the projectivity are obtained from 


*It has the rank 3 for the parametric equations x! = wu, x! = y®, xMl ee — yy, IV = 1 
and consequently it has the rank 3 in any allowable parameter system. 
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(2, 3a) (Q,* — rd,*)E° = 0 
where, according to (0, 13), 
(2, 3b) A = ev. v)?. 


The equations (2, 3a) reduce to two independent equations for the value (2, 3b) 
and these equations lead at once to (2,2). Because *2,,;-2°= 8v.v <0 
the spinor lines (2,2) are skew. Hence (2, 1) is a biaxial projectivity with 
the axes (2,2). A generic spinor &* in the spinor plane & = 0 on a line meeting 
the axes may be written 

(2, 4a) § = atQ™ + 6-2 

or 

(2,5a)  @: &: 8: & = (a + B)ol: (a + Av: (a — 8) (v. vt: 0 


and its corresponding spinor ‘t* in (2, 1) is 


(2, 5b) gb: = (@ — Bot : (a — Av : (a + 8) (v. v)t:0 
or 
(2, 4b) 'g¢ = gti — gz, 


Hence if we denote by *+* ~£* the double spinor points on the line ‘t¢ we 
obtain for the cross ratio (¢’t, *¢~£) of these four points according to (2, 4) 


(é’&, *E-&) = — 1. 


Hence there is at least one couple of corresponding spinor points £’t in in- 
volution and consequently the biaxial projectivity (2,1) is an involution. 


Note (i). A biaxial involution is uniquely determined by its axes. In our 
case the axes are uniquely determined by the point v. Hence the axes (2, 2) 
of the biaxial involution (2,1) may be looked upon as a representation in S; of 
the anisotropic point v. 


Note (ii). Let p be an arbitrary point, isotropic or not. Then the cor- 
responding spinor lines which respectively map or represent this point may be 
written 


(2, 6a) 11°*(—e(p . p)?, e(p. p)*, o", p', p™, pl). 
They reduce to the spinor lines of K if p. p = 0. 


THEOREM (2,2). The locus of all spinor lines (2, 6a) as p moves along Ly 
is the linear complex T defined by (1, 5a) and containing K. 


Proof. If p is not in the plane x'Y = 0 we may put p'Y = 1 in (2, 6a): 
(2, 6b) 1°*(—e¢(p. p)#, e(p. p)*, o", p', p™, 1). 
The locus of all spinor lines is obviously three parametric and the matrix 


(x, 2 Il, x Il, ae n) is of rank 4. Hence the locus is a complex. Because 
ap! ap™ op 
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at least one of the coordinates p4 must be different from zero, our statement 
holds for all points p of Z3. Because 


Tapll*’ = 0 
the complex is a linear one, namely the complex (1, 5a). The remaining 


statements are obvious. 


Note. According to Theorem (2,2) we may say that L; as a point set is 
represented by T (and in particular Q as a point set is mapped on K in TY). 


THEOREM (2,3). The axes 2 as given by (2,2) are conjugate polars of the 
linear complex «T (defined by (1, 5b)) which is projectively orthogonal toT. Its 


rulings consist of spinor lines reproduced (not pointwise) by the biaxial involutions 
(2, 1). 


Let «I'*” be the components of any linear complex whatsoever and A*® the 
conjugate polar of *2 with respect to +I. Then® 


(2, 7a) Ae as eT *?(4eT a 2°) _ +9°°(4,T .4*T*?). 
If we substitute from (1, 5b) we obtain 
(2, 7b) A® = 2-9°°, 


Because ~2*° is conjugate polar to *2*°, the latter must be conjugate polar 
to “2. Hence the congruence with axes *2, ~Q2 consists of rulings of «I. 
Because 

Towl*? = 0 


the complexes I and «I are projectively oriiogonal. 


Note (i). Conjugate polars with respect to a complex I* are skew unless 
one of them is a ruling of '*. Then both polars coincide. This is exactly the 
situation with the spinor lines (2, 2) and (1, 2). As long as the point v is an 
anisotropic one +2(-@) is not a ruling of +I (for «I'4s2* = — 4¢(v . v)* + 0) 
and consequently the conjugate polars *2, ~Q2 are skew. If on the contrary 
x is an isotropic point, then °Z* as given by (1, 2) is a ruling of K which is 
the intersection of the complexes I and «I, and consequently it is a ruling of 
+I’. Hence we have t2 = ~Z = %: both conjugate polars coincide. 


Note (ii). If &* is a generic spinor its spinor polar plane £, with respect to 
r is 


(2, 8a) ba = Tost? 

or 

(2, 8b) hHh=-8&=-f&=-f & = — 

Hence we have in the special theory of relativity by virtue of (1, 6) 
(2, 8c) h=8&=--H&=-P=-h,%=—-B = b. 


°Cf. Hlavat¢ [2], where also other notions of line geometry, which are used here, are discussed. 
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Hence £1, £2, £1, &: are “the covariant components” of #, #, #, F in the 
theory of quanta.” 


3. Representation of a line. Let x be an isotropic point, v’ a vector on Q 
defined at x. Put 


(3, la) 1 = vx, 
(3, 1b) v =vrx + wi, 


and denote by °2*° and ‘A*® the spinor lines which map x and which repre- 


sent 1, respectively. As v°, w change the point v describes a line L tangent to 


Q at x. 


THEOREM (3,1). The spinor lines 2° representing the points v of L belong 
to the pencil 


(3, 2) °° = y Reh + war? 
(of rulings of T) in the polar plane of its vertex *t with respect toT. Both pencils 
(3, 2) coincide if and only if v’ is the null vector of a, (e.g. if L is a ruling of Q). 
Then the spinor plane of this pencil is the focal plane of K of the focal spinor 
point tt = ~€ of K. 

Proof. Because x and x, are conjugate points (with respect to Q) we have 


(3, 3) v.v = (ox + wil). (ox + wil) = wre, . x, 
= wrra, = wi. |. 


Substituting from (3, 3) and (3, 1) in (2, 2) and remembering (1, 2) we obtain 
the pencils (3, 2) of rulings of f. Hence each of these pencils must be in the 
polar spinor plane (with respect to [) of its vertex *t. According to the 


previous results we have t2 = ~Q if and only if v.v = 0, which yields by 
virtue of (3, 3) either w = 0 (e.g. v = x) or (for v ¥ x) 
vv'a,, = 0 


and L is a ruling of Q. Each of its points v is mapped on a spinor line of the 
pencil (3,2) all of whose rulings belong to K. The last statement of the 
theorem follows at once from these facts. 


Note. As in the previous case we may look upon the pencils (3, 2) as repre- 
senting the points of a tangential line L of Q. In the next section we shall be 
concerned with a representation of points of a non-tangential line. 


4. Continuation: Line-“sphere” transformation. Let ,x, xx be two iso- 
tropic points not situated on the same ruling of Q, (:x. x #0). Denote by 
M the line ;x2x, by 


(4, 1) v = ‘wx 


Cf. van der Waerden [4]. 
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its generic point and by 
(4, 2) 2°°(—e(v . v)?, e(v. v4, o”, vf, ot, otY) 
the spinor lines representing v. 

THEOREM (4,1). The locus of all spinor lines (4, 2) as v moves along M is a 
regulus R(M). 

The proof will be accomplished in three steps. 

(a) Let v,v’ be two distinct points on M. Because M is not a tangent line 
to Q we must have 
(4, 3) (v.vii( wits av.v. 

(b) If °° and “0’* are the lines representing v and v’ we have, according 
to (4,2) and (4, 3), 

$2.,570'* = 2ee’'(—(v . v)*(v’ . v’)* + ev. v’) ¥ 0. 

Hence the spinor lines of the locus do not meet each other. 


(c) Let >>.» be an arbitrary spinor line not belonging to the locus. It 
intersects each spinor line 2% for which 


yawn” =Q 
or 


(4, 4) — v.v)(Sua — De) = Dow™ + Die! + Caw"™ + > 20". 
Substituting in (4, 4) from (4, 1) we obtain an equation for 'w:*w. If it is 
not identically satisfied, it has only two roots 'w :*w (which may coincide). 


Hence 5°.» meets either all spinor lines of the locus or only two of them 
(which may coincide). The statement of the theorem follows from the results 
in (b) and (c). 

THEOREM (4,2). The regulus R(M) has the following properties: 

(1) With any spinor line *Q(-Q) it contains also the spinor line ~Q(*Q). 

(2) It meets the congruence K in two distinct spinor lines Z mapping the 
points xx. 

(3) If Q, 2’ represent two points v, v' of M then™ 


(4, 5) (a) (ta, +9’, =, °= = (-Q, “", Y=, =), 
(b) (v, v’, 1x, 2X) = (*Q, +9’, v=, °=)?. 
(4) The conjugate regulus® »R(M) to R(M) consists of rulings of the complex 
+I’. 


Proof. The statement (2) is obvious, the corresponding lines are 
(4, 6) 2°, 0, a", a, a™, a"). 
“The symbols in (4,5a) denote cross ratios of spinor lines taken on R(M), the symbol at 


left in (4,5b) denotes a cross ratio of points on M. 
®e.g. the regulus belonging with R(M) to the same quadric. 
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On the other hand a generic spinor line ¥*> of R(M) may be expressed by 


(4, 7a) Ye = x, 2% + x, PE* + x,*0 
where 
xy%2(1°Z an PE*) + xrxa(sZastQ®) + xoxa(s"ZastQ®) = 0 
or!’ 
(4, 7b) XiX_ + Xyx?w + xox,'w = 0, 
and this equation is in particular satisfied by 
(4, 7c) X12 X_9i:x%3 = — Zw: — Zw: 1. 
Substituting from (4, 7c) in (4, 7a) we obtain 
(4, 8) ye? = — —22. 


Hence if R(M) contains *@ it contains also “2. The remaining part of the 
statement (1) may be proved in a similar manner. The spinor line } 4, 
involved in (4, 4) is a ruling of the conjugate regulus «R(M) if and only if the 
equation (4, 4) is satisfied identically (for any point v on M), and this yields 
Luz = Lau so that 


(4, 9) > el = 0. 


The equation (4, 9) proves the statement (4). One of these rulings (belonging 
also to K) is 


(4, 10) ~~0, 0, "2", wi gxlV, ee wig! xl¥ xl). 


If ,€* and ‘w® are the intersection points of > *° with £Z** and ‘Q*°, respectively, 
then 

(4, 11) (oj? =x 2ay(goclll yaglV + sx'l xl) ¢¢ +e xl(y ’ v),E2. 

Consequently we obtain for the cross ratio of the points ‘w, ‘w’, 1é, 2& the 
expression 

= — (ww)? *w 

(4, 12) (*w, @, if, 2f) _ ay! (ww)! ’ 





and this cross ratio is obviously equal to the cross ratio of the four rulings 

, 2’, YZ, 2°2 of R(M) taken on R(M): 

(4, 13) (2, 0’, 1°, Y=) = (‘w, *w’, 1, 2€). 

On the other hand we have for the cross ratio of the four points v, v’, xx, «x by 

virtue of (4, 1) 

P *wiy’ 

(4, 14) (v, v’, sX, x) = en 
%4y are the numbers defining V by (4,1). *2 is one of the spinor lines ‘2 representing V. 

The equation (4,7b) results from the previous one by virtue of ,X . xX * 0 and (4,1). 
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The equations (4, 5ab) follow from (4, 12) — (4, 14). 


Note (i). According to (4, 5b) a non-euclidean line metric on R(M) may 
be introduced (with ,°Z, .°= as absolute lines) which is related to the angular 
metric in R, in the following way. The angle of the vectors v, v’ in R, is 
equal to twice the “distance” of the rulings 2, ‘2’ on R(M). 

Note (ii). The correspondence M — R(M) may be looked upon as a line- 
“sphere” transformation. It is not a usual contact transformation, because it 
carries the intersection point 1 of two lines M and M’ into a couple of common 
rulings ‘A of two reguli’* R(M) and R’(M’) 


5. Mapping of a lineal element of S;. Derinition (5,1). By a lineal 
element (x,v’) we understand an isotropic point x (the support of the element) 
and a set of vectors” pv’ of Q defined at x (the direction of the element). If v” is 
(is not) the null vector of ay, le.g. if the direction of the element is (is not) on a 


ruling of Q) the lineal element will be called an isotropic (an anisotropic) lineal 
element. 


In this section we shall be concerned with mapping of the lineal elements 
(x, »’) and introduce for this purpose a standard notation 


ty = ‘ey 


where ‘e, are defined by (0,9). A null vector v” leads to one of the rulings 
(0,6) which may be written 


RAB = px |x, 5) , 


Comparing this equation with (0, 6) one sees easily that ‘vy = 0 defines the 
ruling ’R45(i # 7). We use this fact in the next theorem which deals with an 
isotropic lineal element (x, v’) (where as usual the coordinates of its support 
are supposed to satisfy (0, 7)). 


THEOREM (5,1). Let (x, v’) be an isotropic lineal element. This element is 
mapped on the spinor 


(5, 1) (a) °(0,0,—x™, x") or (b) w(x", x'¥, 0, 0) 


if v’ defines the direction of the ruling 'R4® (e.g. *v = 0) or *R4® (e.g. 'v = 0). 
The spinors (5,1) are the focal spinors of the spinor line °Z* which maps the 
support x of the lineal elements (x, v”). 


Proof. Let °* be given by (1,2). If we denote by /* the intersection 
of °2 with the axis *@ (given by (1, 3)) then these spinors, given by (5,1), are 
obviously the focal spinors of °Z in K. On the other hand, if v’ is a null vector 
of a, then the spinor lines"* of the pencil (3, 2) are rulings of K and conse- 

4]f 1 is an isotropic point the couple of common rulings reduces to one ruling (belonging to XK). 

9 ~ 0 is an arbitrary factor. 

%*Each of these spinor lines maps one point of the point set (3,1b). 
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quently (cf. Theorem (3, 1)) meet at the common focal spinor which maps the 
direction of the corresponding ruling of Q. The focal spinors of ‘A from 
(3, 1) are 

A*(0, 0, —vx, vx"), aA*(vx,!, vx,!V, 0, 0). 


It is easily seen that 
1A = wW* or 2r* = w* 


requires *»y = 0 or ‘» = 0. The remaining statements of our theorem are 
obvious. 

In the next theorem we shall be concerned with a mapping of an anisotropic 
lineal element (x, v’). Because in this case 'v*vy # 0 we may assume without 
loss of generality 


(5, 2) y > 0. 


THeEoreM (5,2). Let (5,1) be the focal spinors of °=** which maps the 
support x of an anisotropic element (x,v’). This element is mapped on a couple 
of spinors" 

(5, 3) “E* = (ln)h ye + €(*r)t ys. 

Proof. Each spinor line 2*° of the pencil (3, 2) represents a point on the 

line L whose direction is defined by v’. Hence the vertex of the pencil (3, 2) is 


the map of our lineal element. We obtain it as the intersection point of the 
spinor lines °Z and ‘A. A generic spinor point on °£ may be written 


(5, 4) * = hw* + uy’. 
It is also on ‘A if and only if 
(5, 5) Asp = — (AP + xVAD) ; M1. 1}, 
where v is defined by (3, 1). Because, by virtue of (0, 9) and (0, 10), 
pa (xt + VP) — << v [xix + x TaIV] =n v{xtx,! + xilly, 1] 
(5, 6) = PMeyylll = ipyllt 


1.1 = Pox. x, = Yvan, = 4v'v"('e*e, + *e,'e,) = ‘vv, 
we obtain by virtue of (5, 2) the equation (5, 3) from (5, 4) — (5, 6). 


THEOREM (5,3). Let (x, v’) be a set of lineal elements with a fixed support x, 
which is mapped on the spinor line °Z. If (5,1) are focal spinor of °Z, then the 
set (x, v”) ts mapped on an involution on "= whose double points are wW, ww. 


The proof follows at once from the cross ratio 


(5, 7) (*é, ~§, iv, ow) = =— I, 


THEOREM (5,4). Let v be an anisotropic point. The set of all lineal elements 
(x, v”) common to Q and the circumscribed cone to Q, which has v for its vertex, 
is mapped on the axis (2, 2) of the biaxial involution (2, 1). 


\™By ( )4 we understand always the positive square root. 
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Proof. The spinor lines (3,2) have the coordinates (2,2). If we keep v 
fixed, ‘2 do not change and intersect the spinor lines °Z (which represent the 
supports of the corresponding lineal elements (x, v”)) in (5, 3). 

The locus of the supports of lineal elements (x, v”) dealt with in the previous 
theorem is a conic section. We denote by /” its tangential vector at x and shall 
consider next the set of lineal elements (x, 1”). The following three theorems 
will be proved simultaneously. 


THEOREM (5, 5a). The lineal element (x, 1") is mapped on the couple of 
spinors 
(5, 8) Ae = (hy + €(—*) hy 
and the locus of these spinors is a couple of spinor lines *A°°. 

THEOREM (5, 5b). The spinor lines °° *A* and the axes *b* (given by 
(1,3)) are rulings of the same regulus R. The spinor lines *A® are the only 


common couple of the involutions on R, whose double rulings are ‘@ and 2. The 
conjugate regulus «R to R consists of ruling of «I. 


THEOREM (5, 5c). The regulus R intersects the complex T only in 2. 


Proof. The vector v’ from Theorem (5,4) is conjugate (with respect to 
@,) to 1’. Hence 
(5, 9a) ly] + %y!] = 0. 
Substituting from (5, 9a) in (5, 3) we obtain (5,8). Furthermore the couples 
2 and ‘& are couples of conjugate polars with respect to the same linear 
complex +I and consequently are rulings of the same regulus, which we denote 
by R. Hence the conjugate regulus *R consists of rulings of" +I’. 

Moreover the locus of spinors (5, 8) is obviously on R. Because 


(5, 9b) (*&,—& 7A, A) = (FA, A, a) = - 1 


the locus in question is constituted by two spinor lines which have the properties 
mentioned in Theorem (5, 5b). 


In order to prove Theorem (5, 5c), let us write for the generic ruling >>*° 
of R 


(5, 10) Te = x, to + x52 + xlpe?, 
where the x;, x2, x3 are subject to 

(5, 11) 4xyx2(v. v)t — xyes + xoxs = 0. 
From (5, 10) we obtain 

(5, 12) 4 Dal? = x; 

and the theorem follows from (5, 10) — (5, 12). 


Because K belongs toI’ the rulings of »R are also (rulings of K and consequently) rulings 
of T. 
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6. Mapping of spinors on lineal elements. Throughout this section we 
shall consider spinors whose coordinates satisfy the conditions 


(6, 1) EEE x 0 
(and consequently are not incident with the axes ‘6 of the congruence *I). 


THEOREM (6,1). Through a given spinor &* there is only one ruling °Z of 
K namely 


(6, 2) m0, 0, He, eet, — ee, HE), 

and this spinor line maps the point 

(6, 3) ahs sl lV oe pets Es — ME: HEF. 
The focal spinors of "EZ are 

(6, 4) (0, 0, &, &), °(é, &, 0, 0). 


Proof. If 4% are the coordinates of a generic spinor in S; then the equations 
of a spinor line of K going through £* are 
of — 9?! = 0, nf — oft? = 0, 
and these equations lead at once to (6,2). Comparing (6,2) and (1, 2) we 
obtain (6, 3) and comparing (6, 3) and (5, 1) we obtain (6, 4). 
Note (i). If the locus of the spinors £* is a curve or a surface in S; then the 


equations (6,3) define the locus of the supports of the corresponding lineal 
elements. 


Note (ii). From (5,3) and (5, 1) we obtain 
(6, 5a) *£%(e(*v)Axt, e(*v)bx!¥, — (tn)txl™, (1) #x!), 


where the x“ are defined by (0,3). Hence if we denote by » the parameter 
which defines v’ at x4 we may write 


(6, 5b) g* = £%(ul', u*, p). 
In the following considerations we shall use the symbol &* = oe and the 
u 
spinor lines 
(6, 6) T°? = ¢eg,"). 


Moreover, we shall deal with the complex I and the axis *® which we normalize 

in the following way: As the coordinates of the complex I we shall use the 
ab 

nme and denote them again by r**. As the coordinates 

: (eal) a 

for *® we shall use the expressions = 


expressions 


3 and denote them again by ‘6°. 
ed 
These normalized coordinates do not depend on factor of proportionality and 


are given by the corresponding numbers in (1, 5a) and (1, 3). 








oo lle «SO 
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THEOREM (6,2). The vectors (0,9) may be written 


1 
(6, 7a) ‘a = e '511,*", *e, = £ % p11,*°, 
z e 
and moreover 
(6, 7b) Ay, = Soy, all g**T,)**. 


Proof. The coordinates in (6,3) being homogeneous we may put without 
loss of generality 


xsi = gige su = ae cut - — bad am xt¥ = gE, 
Substituting these values in (0, 9), we obtain 
¢ g 
(6,7c) ‘a. = 2— 1,”, %e, = 2— I, 
g e 
and (6,7a) follows from (6,7c) and (1,3). From (6,7a) and (0,10) we obtain 
(6,7b). 


THEOREM (6,3). A given spinor &* is mapped on a lineal element (x, v’) 


whose support is given by (6,3) and whose direction vector v’ has the covariant 
components 


(6,8) » = Teel”. 


Proof. Starting with (6,5a) and (6,3) we see that there must be two factors 
a, B such that 


att! = €B(2v) be Ete gs at? = €B(2v) he z ef att? = B('y)* sgl ees gett B(x)? egl apt 
and consequently by virtue of (6,1) 


a = €B(*v)! +g = (tn)! «zt. 


Hence 

(6.9) ly = (*£4)29¢, 2% = (*£")%, o #0. 
On the other hand, 

(6,10) 2n, = 2v’an = we, + *v"e,. 

Substituting in (6,10) from (6,7a) and (6,9) we obtain 

(6,11) Qn, = ot EE*(2H,,4+'S,,) I, = otf 4 Tap. 


Because the direction of the lineal element (x, v”) is defined by the ratio 
v™: vy —or 0}. :02.— we omit in (6,11) the factors 2 and ott! *¢ and obtain (6,8). 


7. Mapping of (G) and (F). If the coordinates x4 of a point undergo a 
transformation from (T) 


(7,1) 'g4 = LpAx5, det Lp4 ~ 0, 


then the spinor coordinates undergo a transformation 
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(7,2) "§* = A,p® £°, det A,* ¥ 0, 


where the A;* are function of the Lg“. In this section we shall be concerned 
with the relationship of (7,1) and (7,2) referring to (7,2) as a map" of (7,1). 
We shall use also the symbols 


(7,3a) be04 = 5:60;4, 

defined in the following way: 

(7,3b) Sig! = Sag! = 55:1 = 5,4” = 1, the remaining 5,34 = 0. 
THEOREM (7,1). The map (7,2) of (7,1) has the following properties :™ 


(7,4G) A»* = 0 for a = 1 or 2, b = 3 or 4 and for a = 3 or 4, b = 1 or 2, 
(7,4F) A,* = 0 for a,b = 1 or 2 and a,b = 3 or 4, 


(7,5G) 34 = Aa? = A;®A2, 
(7,5F) 3A = A,"Ao! = Ag'ta,?, 
(7,6) 5a? Lp* = ab’ AeA”. 


Proof. Any transformation (7,1) belonging to (G) [(F)] reproduces each of 
the reguli of Q [interchanges these reguli]. Consequently its map reproduces 
[interchanges] the axis *® of K. The equations (7,4) express analytically this 
fact. Any transformation (7,1) from (7) carries a lineal element in a lineal 
element. Consequently by virtue of Theorems (5,4) and (2,2) the map (7,2) 
of (7,1) reproduces the complex f. Because of (1,5a) (7,4) and 


‘rad _ AJ*A,” reé 


the complex I is reproduced if and only if (7,5) holds. The equations (2,2) 
yield 


(7,7a) 2r4 = 5,,4 2°. 

The transformations (7,1) and (7,2) carry v4 and 2*° respectively into 
(7,8) yA = LpAv, ‘ger — A/a," 2.4, 

where again 

(7,7b) 2'v4 = 5454 “0%. 


The equations (7,6) follow from (7,7ab) and (7,8). 
Note (i): Because 
‘gM = — “Qh = — '¢('y,’y)}, 
Q2%=— Q4= — ¢y.y)}, 
we have by virtue of (7,5) 


19(7,1) induces a transformation of lineal elements (X, v”) and (7,2) may be thought of as a 
map of this transformation. 
*The equations (G) [(F)] refer to the case of (7,1) belonging to (G) [(F)]. 








(7, 
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(7,9aG) ‘= Ane “= ADT, 
(7,9aF) ‘92 = — AN? ‘WOM = —- AD, 
Consequently by virtue of (7,2) 

(7,9b) 'v.’v = A’v.v. 

On the other hand we have by virtue of (7,1) 

(7,9c) 'y.’v = L*v.v, 

where L? is a well defined function of the Lg. Hence 
(7,10) L? = A’, 


and this equation prescribes a condition for the A,*. 
Note (ii). Because any transformation from (G) [(F)] reproduces (inter- 
changes) the reguli of Q it may be easily proved that 


(7,11G) LLL! Ly! ¥ 0, 
(7,11F) Lu! LIL "Ly') ¥ 0. 
Hence the number : 

L LP IV 
(7,12G) ¢ = Lara 
(7,12F) fe Emil Li) 

Ly" Ly" 


is different from zero. We use it in the following theorem, where without loss 
of generality we assume that L/' is a real number and moreover 


(7,13) Li > 0. 


THEOREM (7,2). Amy transformations from (G) and (F) respectively are 
mapped on two always distinct transformations: 


‘= “(Late + Liy'#) ‘g= “(Laut — L'#) 
(7,14G) ‘P= “(Lat + Liy"' #) (7,14F) '? = “(ant 8 — Ly) 

‘ge = eq(Lin'™ #* = Li" $4) x = eq( Ly" = + Ly" ) 

'g = eg(—Lin' # + Li'é) ’g = eg(—Li't! — Liy'%) 
where « = + 1 or e = — 1 and q is any one of the four fourth roots of q'. 


Proof. Let us first prove the equations (7,14G). From (7,4G) and (7,6) 
forc = 1,d = 4, A = I we obtain LZ} = AyA¢. 
If we put A;’ = 1/p then we obtain” from (7,13) and (7,6) 


E.g. two distinct transformations (7,14G) [(7,14F)]. 
“The equations (7,15) constitute the conditions for the Lg“ to be the coefficients of a trans- 
formation from (G). 
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ee ne ee 
Lip Lip Lu™p Lm'p 
(7,15) A? = Liv - Im’ age om Pa Lu" 
Li'p Im'p Lip Lup 
ee a 
Li'p LIm'"p LIin'p Li"p 
(7,16) ae = Seah A’ = — Lip, 
A;‘ = — Lin’, Ag = Ly'p. 


Multiplying the first right hand member of these equations by (Z;')* we obtain 

AA?! i 1 Li Ly! ‘As Ag pa - Loft —Ly" 
(7,17) peat = p(Li) { ) ‘ (s “ = 9a) —Ly'— Lf) ° 
Hence we must have by virtue of (7,5G) 


(7,18) AtAZ) = = LUD) = APA = pL Ll LY, 
PL! 
or 

, LiL) 

bn ee on ; 
(7,19) f= pls Lol™Z * 


Denoting by g:(k = 1, 2,3, 4) the fourth roots of g* and substituting in 
(7,17), we obtain four transformations. Choosing conveniently the names of 
the roots, we have gq: = —q3, g2 = — qs = 1g: which means that the four transfor- 
mations (7,17) reduce to two, one for g; and one for ig;. The coefficients A,* 
in (7,17) being homogeneous we obtain (7,14G) for « = + 1 if we put g = q: 
and (7,14G) for « = — 1 if we put g = ig; and multiply the so obtained co- 
efficients A,* by i. The equations (7,14) F may be proved in a similar manner. 


Note (i). The transformations (7,14) reproduce the complex T because by 
virtue of (7,18) and (7,19) the equations (7,5) are satisfied. On the other hand 
(7,10) is obviously a necessary condition that I be reproduced. Hence (7,10) 
is satisfied by the coefficients of the transformations (7,14). 


Note (ii). For the identity Lg4 = 634 we have g* = 1 and the equations 
(7,14G) reduce to identity and to 


‘fae P/F 2 Pe — Be — 
This transformation reproduces each of the couples (5,3) interchanging * ¢ and 
~£, as was to be expected. 


8. Mapping of the biaxial involution (2,1). In this section we shall be 
concerned with the transformation on Q which is mapped on (2,1) and we shall 
call it the map of (2,1). A projective transformation in L; will be termed a 
v-reflection if it reproduces Q, v and each point of the polar plane of v with 
respect to Q, where v is assumed to be an anisotropic point. 
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THEOREM (8,1). The biaxial involution (2,1) is a map of the transformation 
of lineal elements on Q induced by a v-reflection 


(8,1) "x4 = x4Av.v — Qv4x.v. 


Proof. The equations (7,4F) and (7,5F) are satisfied for (2,1) (the matrix 
2,° being built up according to (0,13)). If there is a map of (2,1) then its 
coefficients must satisfy the equations (7,6) (where we put Q,° instead of A,*). 
These equations define the matrix Ls“ of the transformation (8,1). This 
transformation obviously reproduces v and each conjugate point x of v (with 
respect toQ). Moreover we have from (8,1) 


'x.’x = (x.x)(v.v)? 
and consequently (8.1) reproduces Q. Hence (8,1) is a v-reflection. 


Note. The transformation of lineal elements induced by (8,1) may be 
easily obtained. If x is an isotropic point for which x.v ~ 0, then its corres- 
ponding isotropic point is the second intersection points of Q and the line xv. 
An arbitrary plane through xv intersects the tangential planes at x and ‘x in 
the lines which define the corresponding directions of the line elements at x 
and ‘x. 


In the next paper we shall deal with the analysis of S; starting with (6,5b). 
Note added in April 1951: 


At the last International Congress of Mathematicians (Cambridge, Septem- 
ber 1950) Professor O. Vebien was kind enough to mention to me his paper 
“Geometry of four-component spinors’’ (Proc. Nat. Ac. Sci., vol. 19 (1933), 
503-517) which was unknown to me. Although his paper and this present 
one follow quite different lines, it is nevertheless interesting to observe that 
they have two points in common: (1) the equations (2, 10) together with (3,2) 
in Professor Veblen’s paper are substantially the same as my equations (6, 3), 
and (2) the elements of the first two of the matrices (4, 8) of Professor 
Veblen are substantially the Pliicker coordinates of my complexes (1, 5). 
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A NEW VIEWPOINT IN DIFFERENTIAL GEOMETRY 


S. BOCHNER 


1. Introduction. The law of transformation for a general mixed tensor 
(1) ‘pe! 


is somewhat complicated at first sight, but algebraically it can be stated suc- 
cinctly in the following manner. If, without regard to the original position of 
various indices, we denote the components of the tensor in some fixed simple 
ordering by 


*Jq 


(2) ow 8 

where 

(3) N = n?*4, 

then the law of transformation is the set of linear homogeneous relations 
(4) uA(y) = afu® (x) 

[summation over B from 1 to N] in which 

(5) {as} ={a5(y; x)} 


is a square matrix of dimension N, and this matrix is the Kronecker product 
of p n-dimensional matrices 


aye 
6 ain 
( 2 j 
and g n-dimensional matrices 

Ox; 
; as) 
@ a 


Also, if (1) is not a “‘scalar’’ tensor but a tensor of weight W we must add to 
this as a further Kronecker factor the one-dimensional “matrix” 


a(x) 
a(y) 


or, if W is an integer, which it need not be, we may add the W one-dimensional 
factors 


(9) 
if this be preferrred. 
Received August 31, 1950. 


Ww 


(8) 








(x) 
a(y) 
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If we set down relations (4) with unspecified matrices (5) and examine the 
properties needed for the erection of a calculus of tensors we find that we first 
of all require certain properties of ‘‘consistency”’ by which to validate relations 
(4) intrinsically, and to that purpose the self-explanatory properties 


(19) aB(z; y) a(y; x) = ad(z; x) 
(11) ab(y;x) = 3% 


are obviously sufficient; and the latter ones are verifiable from the mere chain 
property 
(12) St SH wo a 

OY; OX’ 
without using any other feature of (6), say. If, however, we proceed to 
introduce the interlocking concepts of “affine connection’ and “covariant 
differentiation’’—which, after all, are the heart of differential geometry— then 
the feature of tangentiality as manifest in the partial derivatives (6) is of the 
very essence, and the matrix (6) itself [or something resembling it] must of 
necessity be embodied in the calculus. We have found, however, in examin- 
ing the nature of the ordinary affine connection L}; that only one of its lower 
indices need be interacting with our special matrix (6), or (7) to be more pre- 
cise, and we have correspondingly generalized it to an object 


(13) Lbi 


in which the other two indices A, B will be interacting with some other matrix 
(5), with only properties (10) and (11) presupposed known, which other matrix 
will be given in addition to, and quite independently from, the classical matrix 
(6) proper. This separation of algebraic from analytical pre-requisites, as 
it were, will not only clarify things but also imply a substantial generalization 
of the theory, and perhaps the most tangible advantage will be as follows. 

If an ordinary tensor is symmetric, {;; = {;;, then we first of all may view 
it as an object (2) with NV = n*, but it should be noted that the “independent”’ 
components {j; (¢ < 7), whose number is 


N = n(n +1), 


are likewise an object of our kind, and it will have an affine connection entirely 
of its own to fit its own matrix structure. Similarly, a skew symmetric tensor 


iis st with (") independent components corresponding toi;< i2 <... < dé, 


will be such an object. In particular, for p = nm, we have de facto only one 
component {1 . . . a, its matrix a}(y; x) being the Jacobian (9), so that from our 
approach it is entirely indistinguishable from an ordinary scalar density, and 
our affine connection (13), which in the present case has only components 
A = B = 1 is nothing else but the classical contraction L};, or something 
differing from it by a vector a; as we shall see. 
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2. Vectoroids. We will introduce three positive integers n, N, v, and their 
sizes will not be tied in explicitly in any manner whatsoever, although the 
contexts in which they will be given may imply dependencies per force. In- 
dices i, j, k, .. . whether upper or lower will range from 1 to n, indices A, B, C 
from 1 to N, and indices a, 8, y,... from 1 to ». 

We take an n-dimensional manifold M,, compact or not (it need not even 
be separable), and on it a fixed covering by a family or arbitrary local coordinate 
systems—hereafter termed “‘allowable’’—and we are defining a mathematical 
object, which we will call a vectoroid, in the following manner. In each allow- 
able system it has N coordinate functions (2)—the number N will be called 
its dimension—and on the intersection of two allowable systems U(x), U2(y) 
we have relations (4) for a matrix (5) for which (11) is satisfied on the inter- 
section of any U(x) with itself and (10) is satisfied on the intersection of any 
three systems U(x), U2(y), Us(z). 

An assemblage of matrices with properties (10), (11) will be called a (matrix) 
structure. In algebraic parlance we may say that a structure constitutes a 
matrix “representation” of the “groupoid” of coordinate transformations 


(14) Vi = filxi,... 5 Xn) fs See 


prevailing on intersections of pairs of allowable systems, and in topological 
parlance we may add that this generates a space of affinely interlocking 
N-dimensional linear fibers over M,, as base space and that a vectoroid is a 
continuous map of the base space into the full fiber bundle, the map of each 
base point being a point in the fiber over it. 

As already stated in the introduction, any ordinary tensor of any weight 
may be interpreted as a vectoroid, and this includes, for N = 1, also scalars of 
any weight. For a scalar of weight 0, absolute scalar, that is, we have 


(15) al(y;x) = 1. 


In the introduction we have also mentioned the possibility of reducing the 
dimension N whenever “symmetries” occur, and a general principle for so 
doing may be stated as follows. 

Take a non-singular constant matrix \$, denoting its inverse by u%, and 
transform the structure (5) into 


(16) ba(y; x) = dé ab(y; x)uB 
and, correspondingly, the vectoroid u* into 
(17) vw = ré uv. 


If now it so happens that the new structure (16) fully decomposes into struc- 
tures of dimension N;, Nz, N: + N: = N, then in a suitably normalization 
of indices we may introduce the system of relations 


(18) ré u(x) = 0, A=N,+1,...,N 
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as ‘symmetry conditions’”’ to be imposed on the original vectoroid (2); and if 
they happen to be fulfilled, then there exists a vectoroid of dimension JN, only, 
having the components 


(19) vy.., 0" 
and this new vectoroid may be said to be a fair substitute for the original one. 
If a structure (5) has been given and is held fast, then the vectoroid (2) 


previously introduced is a “contravariant” one, and its “covariant” counter- 
part is an object ¢4 for which the law of transformation is 


(20) ta(y) = ak (x; y)ta(x), 
or, what is the same 


(21) ak(y; x) ta(y) = ta(x). 
If, however, we introduce the transposed inverse matrix 
(22) a3 (y; x) = ah (x; y) 


then t4 can be easily identified with a vectoroid which is contravariant with 
regard to the new structure, and thus the contrast between contravariant and 
covariant is only a relative one. 


Next, if we are given several of our matrix structures, equal or not, then any 
Kronecker product of them is again a structure, and a vectoroid pertaining to 
such a structure will sometimes be denoted by the symbol 


(23) tina 


Pp ’ 


and then termed a tensoroid, whenever its structure is a product of g straight 
factors and ~ transposed inverse factors given. Also, if, for instance, in (23) 
the lower index A, and the upper index B, both pertain to the same structure, 
then we form the contraction 


(24) icc re Migs 


as usual. In particular, if t4, u* belong to the same structure then 
(25) tau* 


is an absolute scalar. 
If in addition to the structure (5) we are given a second structure 


(26) bg a,8 =1,...,», 
if y = N, and if we are given a tensoroid ha, for which 
(27) det \hac| ~ 0, 


then there exists a tensoroid 44* for which we have 


(28) hea ho? = &, hay h®1 = 54; 
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and if furthermore the two structures are identical then the pair of tensoroids 
hae, h4*, which we will now denote by 


(29) has, hA B, 


may be used for pulling indices pertaining to the structure (5) up and down 
as usual. We will always assume that the tensoroids (29) are symmetric, 
although for the shifting of indices alone this requirement would not be strictly 
needed. 

Finally we note that there always exists a matrix structure defined by the 
Kronecker symbol, thus 


(30) bs (y; x) = 8 |e eS eee 


and that a contravariant vectoroid pertaining to it has the law of transfor- 
mation 


(31) u’*(y) = u*(x), 


and thus consists of »v individual absolute scalars, and similarly for covariant 
vectoroids. If now we form the Kronecker product of an arbitrary structure 
(5) with the special structure (30), then a tensoroid u4* pertaining to the pro- 
duct is a set of » vectoroids u4 pertaining to (5) each, and any set of » such 
vectoroids may be so viewed. In other words, from our general approach 
there is only a relative distinction between indices which are vectorial and 
those which are enumerative, and this merger of the two types of indices has 
some technical advantages. 


3. Covariant differentiation. In the right side of (5) we have introduced 
both symbols y and x simultaneously and in a given order and in this way the 
consistency rules (10) and (11) have become self-explanatory. However, 
analytically, the individual components of the tensor (5) will be viewed as 
functions either of the variables x = (x,,...,x,) or of the variables y = (9, 

. » ¥n) by themselves, depending on whether we view the intersection of the 
neighbourhoods U;(x), U2(y) as being part of the one or of the other; and in 
forming partial derivatives with respect to the variables x; or y; the variables 
exhibited will be those underlying. 

If we are given a structure (5), and if the functions (5) and (14) belong to 
differentiability class C', then we define an affine connection 


(32) Lis A,B =1,...,N;i = 1,...8 
by the law of transformation 

dy; >? aS (y; 
(33) oh(y;2) PEL) = — SAUi®) 


i Xi 


+ a&(y; x) Lix(x), 


and the following theorem can be easily verified. 


THEOREM 1. [If ta is a covariant vectoroid then the components 











(4 
th: 








DIFFERENTIAL GEOMETRY 465 


(34) tag = S48 — tghF, 
Ox; 
constitute a tensoroid for the Kronecker product of (5) and (6). 


Also, if (34) ts to constitute a tensoroid for arbitrary vectoroids t, locally, then 
(33) must be satisfied. 


Furthermore, if u4 is contravariant vectoroid then 


auA 


Ox; 





uA, = + u® Lh: 
is a mixed tensoroid, that is to say, if L= ; is an affine connection for a structure (5) 
then — Li; is one for the structure (22). 

It should be noted, however, that given a structure, the affine connection 
(32), if one exists, is determined up to an arbitrary additive tensor 74; only, 
so that associating — L$; with the structure (22) is a deliberate act of 
normalization, pursuant to the fixed normalization of (32) for (5) itself. 

If there is given a second structure (26) and if it has an affine connection 
A®,, then the Kronecker product of (5) and (26) admits the affine connection 


(35) Lie; = BLE, + o5ae,, 
and the resulting formula 


OtAa 


Ox; 





(36) tae = — tae Lis — tap’; 


is the generalization of a classical one; and similarly for mixed tensoroids. 
For the special structure (30), relations (33) reduce to 


(37) 2 a't = At, 
Ox; 


and that means that AZ; is a vector with regard to the index i, with a and y 
being enumerative indices. In particular (37) will be satisfied by 

(38) Ai: = 0, 

in which case (36) will reduce to the expression 


ine OtAa 


(39) tae,i = — lBe L3 





Xi 


but it must be stated that (38) is a deliberate “canonical” normalization for 
the solution of (37) and not the only one possible. 
We are turning to the general expression (36). If we have 


(40) tAai = 0 


that is 
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atas 


(41) ox, 


- tapA®; = Be Li, 
and if, for » = N, ta, has a transposed inverse /4*, then (34) implies 


(42) LG; = ts ae . 1€* tagA®,, 
Ox; 


and thus L%; is uniquely determined by A’;. In particular for (38) we obtain 


(43) Ls = 100 Sas, 
Ox; 

and this is a generalization from vectors to vectoroids of the known theorem 
that if there are given m independent parallel vector fields, the affine connec- 
tion is uniquely determined hereby. 

Finally, if we are also given a (non-symmetric) affine connection T% to fit 
the structure (6), then if everything given is twice differentiable, we can form 
the second covariant derivative 





Ota.i 
(44) ta.ig = af ta, Li; — ta. T% 
xj 
and we obtain 
(45) taig— taga = te Ly, 
where 
aut; ak; 
(46) 9 Lig = AE — 48 4 8 Gs — 1B LG + tal — TH) 
Ox; Ox; 
is a tensoroid. We always have 
Lig = — Lig 
and for 
ry = Ty 


we also have 
Lyin + Lise + Lani = 0. 

4. Remark on affine connections. Affine connections are a particular case 
of a general type of coefficients in invariant systems of linear partial differen- 
tial operators, as we are going to describe briefly. 

Consider for an ordinary scalar ¢ the expression 
at , ot 


+c —+da 
OX 40%; Ox, 


(47) c 





with c/ = c/*. If this is to be formally invariant under the transformation 
(14) then we must have 
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(48) c4(x) = c’P@(y) Ox; 9 

OYp IV¢ 

2. 
(49) Mx) = c’ra(y) ORR 4 crr(y) Ste, 
YrIVe ee 
(50) c(x) = c(y), 
and it can be easily verified that the entire system of coefficients 
{ct#, c, c} 


constitutes a vectoroid for an appropriate structure. However the sub-system 
{c*4} forms a vectoroid by itself, and if we insert some special values for this 
subset, and if we ignore the quantity c itself which is a scalar “by accident,” 
then the remaining coefficients c* transform themselves by relation (49) after 
the manner of an affine connection. 

After this preliminary instance we will now set up a very comprehensive 
situation. If ¢, is an unspecified vectoroid for a given structure (5) and if we 
demand that for some given integer / the system of partial differential operators 


(51) 0.(t) = > CoAls +0 ON Ma 


; = 9 yee 
0 <h+...4+4, <I Ox"... Oxy"r 


shall form a vectoroid pertaining to some other structure (26), identically in 
all t4, then the set of all coefficents occuring in all individual operators (51) 


form a vectoroid for a suitable structure. However the subset of those co- 
efficients for which 


(52) Ah+...the=l 


form a vectoroid by themselves, and if we insert some special values for this 
subset then the remaining “‘additional” coefficients transform in the manner 
of an affine connection. 

In the particular case (34) we have / = 1 and the structure (26) is the 
Kronecker product of (5) and (6). Thus every index a = apg is a pair of indices 
A = Ao, ¢ = io and the highest coefficients corresponding to (52) have been 
specialized in the following “invariant’’ manner: if A = Ao,# = ip then 
c.4"1---"* = 1], otherwise = 0. 


5. Compact manifolds. On a compact M, we stipulate the following data, 
all of differentiability class C?: a matrix structure (5), with an affine connection 
(32), a positive definite symmetric tensor (29) with 


(53) he; = 0, 
that is 
AB 
(54) oo + WP LA, + WAC LE, = 0, 


an ordinary (non-symmetric) affine connection 
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(55) T% 
and an ordinary positive definite symmetric tensor g*4 which need not be related 
to (55). 

We note that the Kronecker symbol 4% is a mixed tensoroid for (5), and if 
for any mixed tensoroid ¢2 we adopt the definition 

B ar? , ’ 
(56) tai = = —L§:+& Le, 
Xi 

as we will, then we obtain 


(57) bhi = 0, 
and on recalling the relation 
hach®© = 84, 
we now obtain from (53) and (57) the further inference 
(58) has = 0. 


Therefore, if we will employ the tensor (29) for shifting indices up and down, 
this operation of shifting will be commutative with covariant differentiation. 
Thus, if for a vectoroid t4 we form the scalar “square length” 





(59) @ = hA*tats, 
then we obtain 
(60) oy = $4 = 2h47t, tp = tal = tal 3. 


Ox; 
If we differentiate once more we obtain 
(61) $6.45 = hA® ta deg + hA® ta ..jtz, 


where of course 
(62) s+ -4 = 


and t4,;,; is given by (41). And finally, if we introduce the invariant operator 
ao 


63 Ap = 6 ys we 4 
(63) o=g j g ax ,0x; Ox 





we obtain the equation 
(64) bad = gthAFt, tej + hA8(g%tai sts = T1 + Ts 
which we will now analyze. 
As on previous occasions! we will use the lemma that, since M, is compact, 


1See our papers: Vector fields and Ricci-curvature, Bull. Amer. Math. Soc., vol. 52 (1946), 
776-797, and Curvature and Betti numbers, Ann. of Math., vol. 49 (1948), 379-390 and II in 
vol. 50 (1949), 77-93. 
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we cannot have 


(65) Ad > 0 
on M, unless we have 
(66) Ad = 0. 


Furthermore we have identically 7, 2 0, and 7; = 0 if and only if t4,; = 0. 
Thus, if for special reasons we have 


(67) T; 2 0, 
then we must of necessity have 

(68) T:=0 
and also 

(69) ta = 0. 


In order to bring about (67) we introduce some fixed symmetric matrix Sap 
and set up the system of partial differential equations 


(70) g%tasg = Site( = Sast®), 
and since this implies 
(71) T2 = Saplt®, 


we obtain the following conclusion. 


THEOREM 2. If on our compact M, we are given a symmetric matrix Sap 
which is positive definite then there is no vectoroid ta other than 0 which satisfies 
the equations (70). 

If the matrix is only semi-definite then the only solutions of (70) are those for 
which we have 

tay = 0, SE tz = 0, 
simultaneously. 


If ¢, is an ordinary vector field, and if it is harmonic (curl f = divt = 0) 
then it satisfies the equations 


gag = — Raf?” 


where R,» is the Ricci tensor based on gl, provided the affine connection is 
the ordinary one; and if the vector is a Killing vector ({;,; + {j,« = 0) then it 
satisfies the alternate equations 


aad OR = Rart”. 
Thus Theorem 2 includes the following statements made previously among 
others.! If — Ra» is positive definite there exists no harmonic vector, and if 


it is negative definite there exists no Killing vector, and if it is semi-definite 
then in either case we must have 
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faa = 0, Rf = 0, 
simultaneously. 

In the papers cited we also had results bearing on tensors of several indices. 
Some of them, in particular those referring to complex manifolds could also be 
subsumed under Theorem 2, but the analysis would have to be rather detailed 
and would not be profitable in the end. However, we would like to terminate 
with giving a sample of another type of Theorem? which is especially adapted 
to complex spaces and which actually gave us the impetus for devising the 
generalization from vector to vectoroid. The theorem is largely preanalytic 
in the sense that no affine connection will be involved or even assumed exist- 
ing, and although the theorem originated in algebraic geometry’ no algebraic 
structure will be involved either. 

Let M,, be a compact space of m complex (that is 2” real) variables for which 
the functions (14) are holomorphic functions, that is local power series, from 
the complex variables x; to the complex variables y;, and let the matrix struc- 
ture (5) be likewise holomorphic in either set of variables, and let t4, u4 be 
holomorphic fields of vectoroids on all of M,. The contraction (25) is an 
absolute scalar and also holomorphic, and being so on a compact manifold it 
must be a numerical constant 


(72) tauA = c. 

If now there are given N + 1 covariant vectoroids (4(a = 1,..., N+ 1) then 
a contravariant vectoroid u“, if existing, has to satisfy a set of relations 
(73) uA = c, azil1,...,N+1 


and the following theorem ensues.” 


THEOREM 3. If on a compact complex M,, there exist N + 1 holomorphic 
vectoroids ty, tf the rank of the N by N + 1 matrix 


tn 
ts somewhere N and if for no set of constants c*, not all zero, is the determinant 
det ff, ... , ty, cyl a=1,...,N+1 


identically 0, then there exists on M,, no holomorphic contravariant vectoroid uA 
whatsoever. 


If for each 6 = 1,..., N + 1 we introduce the determinant 
Da ét),....G°,.G",....4°  Awl,....8 

then each D® is a holomorphic density with the density factor 
det a}(x;-y) B.@ @ 4A. ccc 


and the conditions of the theorem can also be stated in this way that these 
N-+1 densities shall not be linearly dependent for constant complex coefficients. 


Princeton University 
* Vector fields on complex and real manifolds, Ann. of Math. vol. 52 (1950), 642-649. 














DARBOUX PROPERTIES AND APPLICATIONS TO 
NON-ABSOLUTELY CONVERGENT INTEGRALS 


H. W. ELLIS 


1. Introduction and summary of results. This paper consists of two parts. 
The first contains an outline of the theorems and principal results and the 
second (§$§2-6) gives proofs of the theorems and additional details. The 
theorems concern properties of Darboux continuous functions and functions 
having generalized Darboux properties. The corresponding results are shown 
to have interesting applications to the theory of non-absolutely convergent 
integrals. 


1.1. Definitions and notation. We consider only finite single valued func- 
tions of a single real variable. We denote the set of points on the y-axis con- 
stituting the image of the set E or closed interval [a, 5] defined by the function 
F(x) by F\E] or Fla, 6] respectively. The inverse function F~'(y) denotes the 
set of points on the x axis for which F(x) = y. We denote the closed interval 
on the y-axis with end points F(a) and F(b) by [a, 6] Fy, omitting the F when 
no confusion results. 


DEFINITION 1. A finite function F(x) fulfils Lusin's condition (N) on the set E 
if |F{.S]| = 0 for every subset S of E for which \S| = 0 (13, p. 224]. 


DEFINITION 2. The function F(x) has the Darboux properties D, D, 
(0<k < 1), D,, Da on [a, b) tf the following conditions are satisfied for every 
interval {l, m], a < | < m < b, where u* denotes outer Lebesgue measure: 


(D) Fl, m| > (1, mly (Darboux continuity), 
(Dx) u*{ Fil, m] . [/, my} > kill, mly!, 0<k<1l, 
(D, ) u*{ Fll,m] . [1, mly} > 0, when F(l) # F(m), 
(Da) F\l, m] is everywhere dense on [l, my. 


THEOREM A. For measurable functions the condition (N) is necessary and 
sufficient in order that the function should transform every measurable set into a 
measurable set. 


If, therefore, in definition 2 F(x) is measurable and fulfils the condition (N) 
on [l, m] then F{/, m] is a measurable set. 

A set E is dense in the sense of order if there is a point of E between every two 
points of E. 


Received August 28, 1950. This investigation was completed while the author was holder 
of a fellowship at the Summer Institute of the Canadian Mathematical Congress. 
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DEFINITION 3. The function F(x) has the property D’ on [a,b] if F(x) is 
Darboux continuous on |a, b) and if the values y € F {a, b] for which F~*'(y) is 
countably infinite and dense (in the ordered sense) form a null set. The function 
F(x) has the property D”’ on [a, b] if it has the property D’ on every interval 
{l,m],agl<m°¢b. 


DEFINITION 4. Where D, denotes an arbitrary Darboux property we say that 
xo is a point of D,-discontinuity of F(x) on the right (left) if there exists no interval 
[xo, xo + h] ([xo — h, xo]) over which F(x) has the property Dz. 


DEFINITION 5. The function F(x) is CG ona set E if E can be expressed as 
the sum of a denumerable sequence of sets E, over each of which F(x) is continuous. 
If each set E,, is closed we say that F(x) is(CG]on E. With continuity replaced 
by absolute continuity we define ACG and |ACG] in the same way. 


Properties ACG and [ACG] imply the condition (N) [13, p. 225], CG and 
[CG] do not. 


1.2. Examples. The following examples, given in the appendix, are listed 
here for purposes of reference: 


Example 1. A function F(x) that has property Dg and is ACG on (0, 1] 
with DF = 0 almost everywhere on [0, 1] where F(x) is not constant and has 
none of the properties D, , D; (k < 1), D. D’ or D” on (0, 1]. 


Example 2. A function that is Darboux continuous and ACG on [0, 1] with 
DF > 0 almost everywhere on [0, 1] where F(x) does not have properties D’ or 
D” and is not non-decreasing on [0, 1). 


Example 3. A function F(x) that has property D,; and is ACG on [0, 1] 
with DF > 0 almost everywhere on [0,1] where F(x) is neither Darboux 
continuous nor non-decreasing on [0, 1]. 


Example 4. A function G(x) that is Darboux continuous and ACG on (0, 1] 
and a function H(x) that is continuous and [ACG] on [0, 1] where G(x) + H(x) 
= F(x) is the function defined in Example 1. 


1.3. Theorems and results concerning Darboux properties. From Defini- 
tions 2 and 3 it follows that, in the sequence of Darboux properties D’’, D’, D, 
D,;,, Dz, (1 2 ke > k1), each implies all those following it. Furthermore, 
property D; (k > 0) implies both D, and Dz. That D, does not imply any 
of the others even for functions that are [ACG] is shown by the example: 
F(x) = x, x { a; F(x) =x+1,x >a. Example 1 shows that Dg does not 
imply any of the others when F(x) is ACG, Example 2 that D does not imply 
D’ or D” and Example 3 that D, does not imply D for functions that are ACG. 


THEOREM |. Property Di, k < 1, implies property Dy. 


The next theorem is of more general interest as it gives conditions that are 
sufficient to ensure that a function is Darboux continuous. 





(J 
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THEOREM II. For F(x) to be Darboux continuous on |a, b) it is sufficient that 
F(x) be [CG] on [a, 6] and fulfil the condition 


lim inf F(x + h) < F(x)-< lim sup F(x + h), agx<b, 
(1) b+ h—-0 + 

lim inf F(x — h) < F(x) < lim sup F(x — h), a<x<b. 

h—--0 + h—-0 + 


It is shown by an example that the condition [CG] is not necessary. The 
characteristic function of the set of rational points on [a, }] gives an example 
showing that, with [CG] replaced by ACG, the function F(x) need have none 
of the Darboux properties defined above. 


THEOREM II’. Jf F(x) fulfils the condition (1) of the preceding theorem on 
[a, b] and is such that, where E denotes the set of points of D-discontinuity (on 
either side) of F(x) on |a, b], every closed subset of E. contains a portion on which 
F(x) is continuous then E is empty and F(x) is Darboux continuous on {a, 6). 


THEOREM III. Jf F(x) is Darboux continuous and |CG) on {a, b], then F(x) 
has property D’ on {a, 5], i.e. the points y € Fla, b] for which F~'(y) is countably 
infinite and dense (in the ordered sense) form a null set. 


COROLLARY OF THEOREMS II ANDIII. For functions that are |CG}, properties 
D”, D’,D, Dy (Rk < 1) and Da are equivalent. 


Banach has defined F(x) to have the property (7:2) on [a, 6] if almost every 


value y € F{a, 5] is taken not more than a countable number of times on [a, 5] 
[13, p. 277]. 


THEOREM IV. If F(x) is measurable and fulfils the condition (N) on the in- 
terval \a, b| then F(x) necessarily fulfils the condition (T+) on |a, 6). 


Theorem IV is well known for continuous functions [13, p. 284]. From 
Theorems III and IV it follows that if F(x) is a function that is Darboux 
continuous, [CG] on [a, 5] and fulfils the condition (N) on fa, d], then the set 
E, of points y € F{a, b] for which F— (y) is dense is a null set. 

The sum of two functions that are [ACG] and Darboux continuous need 
retain none of the Darboux properties defined above as is shown by the 
example: F(x) = — G(x) = sin 1/x,x ~ 0; F(0) = 1,G(0) =0. Lebesgue 
[10, p. 98] has given an example of a function F(x) that is measurable and 
Darboux continuous without F(x) + x being Darboux continuous. The next 
theorem shows that when one of the functions is continuous the sum must 
retain some traces of Darboux continuity. 


THEOREM V. If F(x) is Darboux continuous (not necessarily measurable) 
and G(x) is continuous on |a, b| then H(x) = F(x) + G(x) has the property Da 
on {a, 5}. 


Example 4 shows that this is the only Darboux property that H(x) need 
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have even when both F(x) and G(x) are ACG. From Theorem V and the 
corollary after Theorem III we obtain 


THEOREM VI. If F(x) is Darboux continuous and [CG] on [a, b] and G(x) is 
continuous on |a, b] then H(x) = F(x) + G(x) is Darboux continuous on {a, }}. 


The-next theorems establish some differential properties of functions that 
are Darboux continuous or have some other Darboux property. 


THEOREM VII. If F(x) fulfils Lusin’s condition (N) and has property D, on 
[a, b] and if ADF = 0 almost everywhere on (a, b] then F(x) is constant on {a, }). 


Example 1 shows that Theorem VII is not true with D, replaced by Dg. It 
might be presumed that the corresponding theorem that F(x) is non-decreasing 
when ADF > 0 almost everywhere on [a, 6] would be true. Example 2 shows 
that this is not the case even when F(x) is Darboux continuous and ACG and 
DF > 0 almost everywhere on [a, 8]. 


THEOREM VIII. If F(x) fulfils the condition (N) on [a, b] and if ADF > 0 
almost everywhere on |a, b| then a necessary and sufficient condition for F(x) to be 
AC and increasing is that F(x) have the property D’ on |a, }}. 


Coro.tiary. If F(x) is ACG on [a, 6] and has property D’ on |a, b| and if 
ADF 2 O almost everywhere on |a, b| then F(x) is AC and non-decreasing on |a, b). 


THEOREM IX. If F(x) is [ACG] and has property D, on |a,b] and if ADF 20 
almost everywhere on |a, b| then F(x) is non-decreasing on |a,b|. With D, re- 
placed by D, F(x) is also AC. 


THEOREM X. If F(x) is [ACG] and Darboux continuous on |a, b] then a suf- 
ficient condition for F(x) to be (i) AC, (ii) continuous and |ACG] on {a, 6] is the 
existence of a function G(x) that is (i) AC, (ii) continuous and [ACG] respectively 
on |a, b] and such that ADG(x) > ADF(x) almost everywhere on {a, 6}. 


Functions that are C,- continuous [3] and M,- continuous [5] and also [ACG] 
are Darboux continuous. Denjoy [4, p. 179] has proved the following theorem 
for which we give an alternative proof. 


THEOREM XI. A function that is approximately continuous is necessarily 
Darboux continuous. 


1.4. Non-absolutely convergent integrals. Definitions of non-absolutely 
convergent integrals have been given by many authors. Although continuity 
of the indefinite integral is required by the most familiar definitions, this is 
replaced in some definitions by weaker continuity properties such as approxi- 
mate continuity and Cesaro continuity as in the case of Burkill’s approximate 
Perron [2] and Cesaro-Perron integrals [3]. The most general approach to 
integrals of this kind is due to Ridder [12’]. His definitions require indefinite 
integrals to be [ACG] and to have an unspecified ‘‘additional property’”’ that 
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ensures the uniqueness of the definite integral. We shall show that the class of 
indefinite integrals corresponding to any one of the definitions that have been 
given for which indefinite integrals are characterized by some continuity prop- 
erty such as ordinary, approximate, or mean continuity is a subclass of the 
class of all functions that are [ACG] and Darboux continuous. 


DEFINITION 6. We call a class of functions, that are defined on |a, b| and 
approximately derivable almost everywhere on (a, b|, a class of generalized primi- 
lives or indefinite integrals (a P-class) if it has the following fundamental proper- 
lies: 


(1) Linearity. Any linear sum of any two functions belonging to the class 
also belongs to the class. 


(2) Uniqueness. Any two functions of the class having the same approximate 
derivative almost everywhere on |a, b| differ by a constant on {a, b). This implies 
the uniqueness of definite integrals defined as increments of indefinite integrals 
over intervals. 

(3) Order. If F(x) and G(x) belong to the class and if ADF > ADG almost 
everywhere on |a, b| then F(b) — F(a) > G(b) — G(a). 

(4) Compatibility. Every P-class must be compatible with the class of all 
indefinite general Denjoy (D) integrals, i.e. if F(x) belongs to an arbitrary P-class 
and G(x) belongs to the class all indefinite D-integrals relative to an interval |a, b] 
and if ADF = ADG almost everywhere on |a, b) then F(x) and G(x) differ by a 
constant on |a,b| This implies that any function that is D-integrable and 
integrable in some generalized sense must be integrable to the same value in 
both senses. 


THEOREM XII. Any linear subclass of the class of all functions that are 
Darboux continuous and [ACG] on an arbitrary interval |a, b| is a P-class. 


A study of the properties of arbitrary linear subclasses of the class of Darboux 
continuous, [ACG] functions gives a general approach to the study of the 
properties of known general non-absolutely convergent integrals characterized 
by different continuity properties such as mean and approximate continuity 
[see §2.3]. In particular, properties (2) — (4) follow immediately from Theorem 
XII. Furthermore Theorem XII shows that any new definition of continuity 
that implies Darboux continuity and for which linear sums of continuous 
functions are continuous in the same sense will, along with [ACG], characterize 
a class of functions having the principal properties, including properties (1) — 
(4) of those classes characterized by mean and approximate continuity. 

From the results of §1.3 we can consider the properties (2)—(4) possessed 
by more general linear classes. In the following table the properties listed in 
the first two columns determine a class of functions relative to an arbitrary 
interval |[a, 6]. The third column lists the properties possessed by arbitrary 
linear subclasses of these respective classes. When a property is not listed 
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there exist linear subclasses of the corresponding general class that do not 
have the property. 


Functions with the condition (N) {Da (1) 
that are approximately derivable (D,,D, =D, or D (1), (2) 
De (1) 
ACG D, , Dior D (1), (2) 
\D’, D” (1), (2) ,(3) 
[ACG] JD, (1), (2), (3) 


(\Da=D,=D=D’=D"” (1), (2), (3), (4). 


Although arbitrary P-classes cannot by definition be incompatible with the 
class of indefinite D-integrals there are P-classes that are not compatible with 
each other. It has been shown [6] for instance, that certain classes of approxi- 
mately continuous integrals and mean continuous integrals are not compatible. 
This shows in particular that there can be no maximal P-class containing all 
other P-classes even if we consider only those P-classes that are sub-classes of 
all [ACG], Darboux continuous functions. 

We can make correspond to each P-class a descriptive definition of integ- 
ration whereby a function f(x) is integrable on |a, b] if there exists a function 
F(x) in the P-class with ADF = f almost everywhere on |a,b]. The function 
F is the indefinite integral of f and F(b') — F(a’) is the definite integral of f over 
la’, b’],a ca’ <b’ <b. 

The paper concludes with a consideration of some further properties of 
general P-classes and the corresponding integrable functions. 


2. Proof of the theorems and additional details. 


2.1. Proof of Theorem A. Rademacher (11, p. 196] proves that the condition 
(N) is necessary and that, for continuous functions, it is also sufficient [11, 
p. 200]. To show that the condition is sufficient for measurable functions 
let F(x) be a measurable function and A be an arbitrary measurable set over 
which F is defined and finite. Applying Lusin’s Theorem [13, p. 72] for a 

@ 


sequence of valuese, ~0,A = > E, + N, where each set E, is closed, where 


n=1 
F is continuous over each E, and N is null. Since a continuous function maps 
closed sets into closed sets F[E,] is measurable for each m and F{A] is mea- 
surable as the sum of a denumerable sequence of closed sets plus a null set. 


2.2. Proof of Theorem I. Suppose that F(x) has the property D, on [a, d]. 
This implies that if y lies between F(/) and F(m), a < 1 < m <¢ b, there exists 
a sequence x; of points of (J, m) with lim F(x,;) = y. 

Suppose that F(J) < a < 8 < F(m). The proof would be the same for 
F(l) > F(m). Let {x;}, {x’;} be sequences of points of [/, m] with lim F(x;) =a, 
lim F(x’;) = 6. If there is a point x € [/, m] with F(x) = a we may take 
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x; = x, (¢ = 1,2,...) and a similar consideration applies to 8.) For « > 0, 
w*{ Film) .(a,6)}  u*{ Fil.m) . (xs, x’ dy} 
B-a I[xaix’ dy| ~* 
u*{ Flix’) . (xs, x’ dy} 
. lfxax’ dp) : 
>k-—e 


for 4 sufficiently large. Since « is arbitrary we conclude that 
u*{ Fil, m] . (a, 8] > k(B — a) 


for every a, 8, F(l) £ a < B < F(m). It follows from a theorem of Jacobsthal 
and Knopp [8] that 


u*{ FU, m] . (a, B]} = (8 — a) 
for all a, 8, F(J) < a < B < F(m) and in particular that 
u*{ Fill, m] . (2, m]y} = |{2, my). 
2.3. Proof of Theorem 11. We shall use the following lemma. 


LemMA 1. If F(x) satisfies the condition (I) of Theorem 11 on an interval 
[a, b] and if F(x) is Darboux continuous on every interval |a’, b'|,a< a’ < b’ < b, 
then F(x) is Darboux continuous on |{a, 6}. 


The lemma follows easily since (J) prevents F(x) from having a discontinuity 
of the first kind at a or b. 

Let S be the set of points of Darboux discontinuity of F(x) on [a,b]. The 
set S is easily seen to be closed. Let E, be the closed sets over which F(x) is 
continuous and let [a, 8] be any interval contained in [a, 5]. By Baire’s 
Theorem [13, p. 54] there exists an integer k and an interval [a’, 8’] contained 
in [a, 8] such that E,[a’, 8’) = [a’, 8’). It follows that F(x) is continuous and 
therefore Darboux continuous on [a’, 6’]. Hence S is non-dense on [a, 5). 

Lemma 1 shows that S cannot contain isolated points. By Baire’s theorem 
there exists an interval [/, m] containing points of S and an integer » such that 
Sl, m) = E,|l, m| and therefore F(x) is continuous on S{/,m]. Diminishing 
[1, m] if necessary we may suppose without loss of generality that / and m are 
points of S with points of S on (J, m) and that there exists a value c between 
F(l) and F(m) that is not taken for x on [/, m]. Let (1;, m;) be the open intervals 
complementary to S on {/, m]. By Lemma 1 F(x) has the property D on each 
of the closed intervals [/;, m:]. 

Set G(x) = F(x) for x any point of S{/,m] and let G(x) be linear on each 
interval [/;, m,;] contained in [l,m]. Then G(x) is continuous and therefore 
Darboux continuous on [/, m]. It follews that any value c between F(/) =G(/) 
and F(m) = G(m) is taken by G(x) at some point of (J, m). Now each value 
taken by G(x) on an interval (/;, m;) lies between F(/;) = G(/;) and F(m,) 
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= G(m,) and is therefore taken by F(x) on (/;, m;). For the remaining points 
of [/, m], F(x) = G(x). It follows that F(x) takes the value c on [/, m] giving 
a contradiction. Hence S is empty and it follows that F is Darboux continu- 
ous on [a, 5]. 

Clearly Darboux continuity implies condition (J) of the theorem. On the 
other hand the function H(x) of Example 4 is Darboux continuous without 
being [CG] showing that the [CG] condition is not necessary. Theorem II’ is 
a generalization of II obtained by retaining in the hypotheses only those 
properties of [CG] actually used in the proof of II. Since properties Dz, D, 
(k < 1) imply (J) of Theorem II we obtain the following corollary. 


CoROLLARY. For functions that are |CG) properties Da, D; (k < 1) and D 
are equivalent. 


2.4. Proof of Theorem 111. We shall prove first: 


THEOREM III’. Jf F(x) is Darboux continuous and [CG] on [a, b], then F(x) 
has the property D” on |a, 6). 


LemMA 2. If F(x) is continuous on [a, b) then the set of values of y assumed 
a countably infinite number of times on |a, b| for which F~(y) is dense in the 
sense of order is empty. In particular F(x) has property D”’ on |{a, 6}. 


Consider any interval [/, m], a < 1 <_m < b and suppose that F(x) takes 
the value yo a countably infinite number of times on [/,m]. The set E of 
points of [/, m] at which F = yo is closed and therefore contains its derived 
set E’. The set E’ is then itself closed, non-empty, at most enumerable and 
must contain at least one isolated point x» for otherwise it would be perfect, 
contradicting the fact that E is countable. In the neighbourhood of x» the 
set E contains only isolated points and E is therefore not dense in the sense 
of order [cf. 13, p. 281). 


Lemma 3. If F(x) has property D” on every interval {a’, b’],a < a’ < b' <b 
and if F satisfies (I) of Theorem 11 then F(x) has property D”’ on {a, 5}. 


The function F(x) is Darboux continuous on [a, b}] by Lemma 1. Consider 
a sequence {{a,, b,)} of intervals with a < an< bn < b,a,—a,6,—>b. The 
points y of the set E, of values assumed a countably infinite number of times 
on [a, 5] and for which F~'(y) is dense, are each assumed a countable number of 
times on one at least of the intervals [a,, b,], and F'(y) . [an, b,] is dense. 
The set E, is therefore null since it is contained in the sum of a countable 
number of null sets. 


Proof of Theorem 111. With S denoting the set of points of D’’-discontin- 
uity of F on [a, b] we may repeat the steps of the proof of Theorem II and 
obtain an interval [/, m] with / and m points of S, with F continuous on S{/, m] 
and where F has property D” on the closures of each of the intervals (1;, m;) 
complementary to S on [l,m]. Let U; and L; be the upper and lower bounds 
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of F on [/;, m,;]. Since F is Darboux continuous on [a, 6] and continuous ex- 
cept at the end points of the interval, U; and L; are the maximum and mini- 
mum values attained by F on [];, mj). 

It follows from Lemma 2 that the values of y € F[/, m] assumed only on 
S{l, m] and for which F~'(y) is countable and dense form a null set since they 
are assumed at the same points by the continuous function G(x). The set E, 
of the values y taken two or more times on at least one interval [/;, m,] and for 
which F~'(y) is countably infinite and dense is null since it is contained in the 
sum of a countable number of null sets. We have left to consider those values 
taken not more than once on any interval [/;, m;j. From the Darboux con- 
tinuity of F it follows that the only values of y outside [/;, m,;)Fy not taken at 
least twice for x on [/;, m,] are the values U;, L; and these form a countable set. 
Suppose that yo = F(x) € [/;, mi]Fy is taken only once on [/; m,] and not more 
than once on any interval [/;, m,;], 7 #14. Then G(x’s) = yo for some point 
x'o, ls £ x’o S m;. If there is no other point with G(x) = yo then F(x) takes 
this value only at xo. If there are other points with G(x) = yo there exists a 
point x’; nearest x’» with G(x’;) = yo and with x’; € [l;, m,] for some j. Then 
F(x) = yo for some point x, € [/;, m,], there are no points between x» and x, at 
which F(x) = yo and F~'(yo) is not dense . Hence F has property D” on [/, m] 
and we conclude that the set S is empty. 

Since the property D” always implies D’ Theorem III is also established. 
Since D’ implies D the corollary follows. 


2.5. Proof of Theorem 1V. By Lusin’s theorem [13, p. 73] there exists for 
each n a closed set E, with (b—a) — |E,| < 1/m and such that F(x) is con- 
tinuous over the set E,. Let F,(x) denote the continuous function coinciding 
with F(x) on E, and linear on the intervals complementary to E, on [a, 6}. 
Then F,, fulfils the condition (N) on [a, 6] and therefore has the property (T:) 
on [a,b]. Set E= E, + E,+...). For each n, denote by S, the set of 
values of F,(x) taken a non-countable infinity of times on E. Then|5S,| = 0, 
(n = 1,2,...). Every value taken a non-countable infinity of times on E 
must be taken a non-countable infinity of times by at least one function F,. 
The measure of the set of all values taken a non-countable number of times 
by any one of the functions F, does not exceed |S,| + |S:| +... =0. Finally 
(b—a) — |E| = 0, so that F[(a, b)] — EZ = 0, since F fulfils the condition (N) 
on [a,b]. We conclude that F has the property (72) on |[a, 5]. 


2.6. Proof of TheoremV. Let {a’, b’] be any interval,a < a’ < b’ < bwith 
F(a’) # F(b’). Points of discontinuity of F(x) and H(x) correspond and both 
functions have the same saltus at each point of discontinuity. Fora’ < x» <b’ 


suppose that U = lim sup F(x» + 4) ¥ liminf F(x» +h) = LZ. We may 
h-—0+ a-0+ 


assume without loss of generality that G(x») = 0. Suppose that there exists 
an interval [a, 8], L <a < 8 < U and a value 6 such that H(x) takes no 
values between a and @ for x on (xo, x» + 5). Given « > 0 there exists h’ < 6 
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such that |G(xo +h) - G(xo)| <e for all A < h’. Hence on (xo, xo + h), 
| F(x) — H(x)| < «and, for ¢ sufficiently small, there are values between a and 
8 not taken by F(x) on (xo,x9 + 4) contradicting the Darboux continuity of 
F(x) in the neighbourhood of x». We have shown that H{a’, b’] is everywhere 
dense on [L, U]. 

The interval [a’, b’|Hy is covered by the values corresponding to points of 
continuity of H(x) together with the aggregate of intervals [L, U] correspond- 
ing to all of the points of discontinuity (on either or both sides) of H(x). We 
conclude that H{a’, b’] is everywhere dense on [a’, b’|Hy. 


2.7. Proof of Theorem V1. The function H(x) is [CG], has property Dg by 
Theorem V, and is therefore Darboux continuous by the corollary following 
Theorem ITI. 


3. Differential properties. 


3.1. Proof of Theorem VII. Let E be the set of points of [a, 5] at which 
ADF(x) = 0. From the definition of Z, F(x) fulfils Saks’s condition (D,,:—.) 
[13, p. 290] at each point of EZ, where 0 < « < 1 and 9 > 0 are arbitrary. 
Then [13, p. 290] 

|FIE]| < 2n|Z|/(1 — ¢). 


Keeping « fixed and letting 7 0 shows that |F[E]| = 0. Since |E| = b—a 
and F(x) fulfils the condition (N) on [a, 5], | Fla, b]| = 0. Property D, then 
implies that F(x) is constant on [a, 3]. 


3.2. Proof of Theorem VIII. The necessity part follows from Lemma 2. 
We shall show that the condition is sufficient. Let J = |a, 6] and let S be the 
set of points at which ADF ¢ 0. Then | F{Z]| = | FUJ-S}| from the condition 
(N). Let EZ, be the points of F{J-S] taken at most a countable infinity of 
times on J. Since F(x) is measurable and fulfils the condition (N) the points 
E, taken more than a countable number of times form a null set by Theorem 
IV. Property D’ then implies that the set of values of EZ, for which F~*(y) 
is dense in the ordered sense form a null set. Hence for almost every value 
y € E,, F~(y) consists of a single point or contains two points x» and x; with 
no points between x» and x;. The second case together with Darboux con- 
tinuity implies that either F(x) > y or F(x) < y at all points of (xo, x:). This 
contradicts the fact that ADF > 0 at both x» and x;. It follows that almost 
all points of Z, and therefore of F[J] are assumed just once on J. 

Suppose, if possible, that F(a’) = F(b’) for a pair of points a’, b’ with 
aga’ <b’ <b. Then F is constant on (a’ db’) for, if F(x’) ¥ F(a’) at any 
point x’, a’ < x’ < b’, all values between F(a’) and F(x’) are assumed by F(x) 
on (a’, x’) and again on (x’, 5’). Hence a set of positive measure is assumed 
more than once which is a contradiction. Since ADF # 0 almost everywhere, 
F(x) cannot be constant and we conclude that there is no value taken more 
than onceon J. Thus since F(x) is Darboux continuous it is strictly increasing 
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or strictly decreasing and continuous on J. Since ADF > 0 almost every- 
where, F(x) is increasing, continuous and, in fact, AC [13, p. 227]. 

The corollary is established by applying the theorem to F(x) — ex where 
¢ > 0 is arbitrary. It is necessary to replace the condition (N) by ACG in 


order to ensure that when a linear function is added to F(x) the sum is subject 
to the condition (N). 


3.3. Proof of Theorem 1X. For functions that are [ACG] properties D, 
and D are the only two distinct Darboux properties. If F(x) is Darboux 
continuous Theorem IX follows immediately from Theorem III and the corollary 
of Theorem VIII. More generally property D, ensures that if F(x) is non- 
decreasing on (a, 5) then it is non-decreasing on [a, 6]. With this result re- 
placing Theorem I, of [5], the proof is the same as that of Theorem II, of [5]. 


The example given before Theorem I shows that F(x) need not then be con- 
tinuous. 


3.4. Proof of Theorem X. The function H(x) = F(x) — G(x) is [ACG] on 
[a, 6] as the sum of two [ACG] functions, H(x) is Darboux continuous on [a, 6] 
by Theorem VI and ADH 2 0 almost everywhere on [a, 6]. By Theorem IX 
H(x) is AC on [a, 6]. Therefore F(x) is AC or continuous and [ACG] according 
as G(x) is AC or continuous and [ACG]. 

To end this section we consider certain general continuity definitions imply- 
ing Darboux continuity. Functions that are Cesaro [3] or M,-continuous [5] 
are everywhere the derivative of their indefinite D-integrals and are therefore 
Darboux continuous by the classical theorem of Darboux. 


3.5. Proof of Theorem XI. There is no difficulty in showing that every 
bounded approximately continuous function is everywhere the derivative of 
its indefinite Lebesgue integral [4, p. 172] and is therefore Darboux continuous. 
Suppose that F(x) is not bounded and not Darboux continuous on [a, 5]. There 
must then exist values F(/) * F(m),a < 1 < m < 6b, and a number c between 
F(J) and F(m) that is not taken by F(x) on (J,m). For M > max [{|F()], 
| F(m)|] define Fys(x) = F(x) when |F(x)| < M, Fu(x) = M when F(x) > M 
and Fy(x) = — M when F(x) << — M. The function Fy(x) is then bounded 
and approximately continuous on (/, m); it is therefore Darboux continuous 
on (l,m) and so takes the value c on (/,m). It follows that F(x) takes the 
value c on (i, m) giving a contradiction. 

From Lemma 1, and Theorem VII, of [5] and Theorem II above, it follows 
that any [ACG], C,- or M,-continuous function (3, 5] and in particular any in- 
definite C,P- or GM,-integral is Darboux continuous [cf. 5, Theorem [X,]. 


4. Applications to non-absolutely convergent integrals. The Riemann, 
Lebesgue, special Denjoy and Perron integrals are included in the general 
Denjoy integral, i.e., every function that is integrable in any of these senses is 
D-integrable to the same value. Since indefinite D-integrals are continuous 
and ACG they are Darboux continuous and [ACG], and the classes of indefinite 
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integrals corresponding to each of the above definitions are subclasses of the 
class [F] of all Darboux continuous, [ACG] functions. If infinite discontinu- 
ities in the final stage of the construction of the Young integral [7, p. 719] are 
not allowed, indefinite Young integrals are Darboux continuous [7, p. 720] and 
the methods of [9] (Theorems I and I1) apply to show that they are [ACG]. 

Bosanquet’s Cesaro-Lebesgue [1], Burkill’s Cesaro-Perron [3], and Sargent’s 
Cesaro-Denjoy [14] integrals of each order are included in the GM-integrals of 
the same order (5, Theorem VII]. Since indefinite GM,-integrals (r = 1, 2, . . .) 
are Darboux continuous and [ACG], each of the classes of indefinite integrals 
corresponding to the above definitions is a subclass of | F]. 

Finally, Burkill’s approximate Perron integral [2] and Ridder’s a-integrals 
are included in Ridder’s 8-integrals [12, p. 162]. Indefinite integrals in any of 
these senses are approximately continuous and therefore also Darboux con- 
tinuous by Theorem XI. It follows from the descriptive definition of the 
B-integral [12, p. 148] that they are [ACG]. 

Each of the subclasses of [F] mentioned above except the class of indefinite 
Young integrals is linear. For instance, the class of functions that are indefinite 
8-integrals on an interval [a, 6] coincides with the class of all functions that 
are [ACG] and approximately continuous on |a, 6]. Since any linear sum of 
two [ACG], approximately continuous function is likewise [ACG] and approxi- 
mately continuous this class is linear. On the other hand the class [F] of all 
functions that are [ACG] and Darboux continuous is not linear since it contains, 
for example, the functions 


F(x) = — G(x) = de <s- »x #£¢6,a<c <b; F(c)=1;G(c) = 0. 
x—Cc 


4.1. Proof of Theorem XII. If F(x) and G(x) belong toa linear subclass of 
[F] so does H(x) = F(x) — G(x), i.e., H(x) is Darboux continuous and [ACG] on 
[a, b). If ADF(x) = ADG(x) almost everywhere on [a, }] ADH(x) = 0 almost 
everywhere on [a, b] and property (2) follows from Theorem VII. If ADF > 
ADG almost everywhere then ADH 2 0 almost everywhere and property (3) 
follows from Theorem IX. Finally, if F(x) belongs to an arbitrary subclass of 
[F] (not necessarily linear) and G(x) belongs to the class of indefinite D-integrals 
both with respect to an interval [a, 6] then H(x) is Darboux continuous by 
Theorem VI and is [ACG] as the sum of two [ACG] functions and, as before, 
H(x) is constant if ADF = ADG almost everywhere on [a, 5]. 


4.2. The theorems of §1.3 may also be used to investigate more general 
linear classes. A consideration of properties (1) and (2) leads us to rule out a 
wide class of functions that are almost everywhere approximately derivable. 
First suppose that F(x) is a Cantor function, continuous, increasing, with 
DF = 0 almost everywhere on [a,b]. Then F(x) and 2F(x) have the same 
derivatives almost everywhere on |a, b] without differing by a constant. We 
consider only functions having Lusin’s property (N), ruling out all Cantor 
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functions and functions of a similar nature. Secondly, any linear class con- 
taining a step function F(x) cannot have the uniqueness property (2) even 
though F(x) fulfils the condition (N). We eliminate step functions by con- 
sidering only functions having some Darboux property. (Actually all of the 
Darboux properties except D, eliminate all functions having discontinuities 
of the first kind.) Theorem VII then shows that an arbitrary linear subclass 
of the class of all functions that are almost everywhere approximately derivable 
and have property D, and fulfil the condition (N) on an interval [a, 6], has 
property (2), i.e., that functions of the class are uniquely determined apart 
from an additive constant by a knowledge of their approximate derivatives 
almost everywhere. The remainder of the table in §1.4 may be completed 
similarly from the results in §1.3. 

To verify that there are linear subclasses of the class of all functions that 
are ACG and have property D’ on [0, 1] and do not have property (4) consider 
the class of functions kH(x) where H(x) is the function defined in Example 4 and 
where & runs through all real numbers. This class has properties (1)-(3) but 
Example 4 shows that it does not have property (4). Similar examples may 
be given where any other property is not listed in the table. 


5. Additional properties of P-classes. We next state some additional prop- 
erties of P-classes. We shall distinguish those P-classes that are subclasses 
of the class [F] of all [ACG], Darboux continuous functions by P,. P- and 
P,-integrability (see 1.4) are taken below to refer to a single, arbitrary P- or 
P,-class. 


5.1. If f and g are P-integrable on |a, b| then any linear combination af + Bg 
is P-integrable and 


h 6 6 
| (af + Bg)dx = al fae + e| g dx. 


5.2. If f is P-integrable on |a, b) then f is necessarily measurable [13, p. 299]. 


5.3. If f is P-integrable on |a, b| and if there exists a Lebesgue integrable 
(D-integrable) function g such that f < g almost everywhere on |a, b] then f is 
Lebesgue (D-integrable) on {a, 6). 


This follows from Theorem X. In particular if f is bounded above or below 
and P,-integrable on [a, 5] then it is necessarily Lebesgue integrable on [a, 5). 


5.4. Consider an arbitrary Ps-class containing the class of all AC functions. 
Given a non-decreasing sequence f, of Ps-integrable functions whose generalized 
integrals over |a, b] constitute a sequence bounded above, then the function f(x) 
= lim f,(x) is Ps- integrable and 


Mic dx = lim [tate dx 
[cf. 13, p. 243]. 
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For a Ps-class that does not contain the class of all AC functions, the class 
consisting of all the members of the original class, all AC functions, and all 
linear combinations of members of the two classes, is a P,-class and the 
theorem is true for it. 


5.5. If f is Ps-integrable and Darboux continuous on a, b] there exists a point 
&,a <& <b such that 


[10 de = FO) - Fo) = 6 - 0) f0. 


5.6. Let f and g be P-integrable on {a, b], F and G be indefinite P-integrals of 
fand g. Suppose that F(x)G(x) belongs to the same P-class as F and G and that 
F(x)g(x) is P-integrable on [a,b]. Then f(x)G(x) is P-integrable on [a, 6] and 


(i [16)G(@) de = FO)G) — F(a)G(o) — |" Fex)e(=) de 


Set H(x) = F(x)G(x) — fi F(x)g(x)dx. Since {[% F(x)g(x)dx belongs to the 
P-class, H(x) belongs to the P-class by the linearity property. Now ADG(x) 
= F(x)ADG(x) + ADF(x)g(x) — F(x)g(x) = f(x)G(x) almost everywhere on 
[a, 6] so that F(x)G(x) is P-integrable on [a, 5] and (i) follows. 

The necessity of the hypotheses that F(x)G(x) belong to the P-class depends 
on the P-class. For instance, if the P-class is the class of all ACG and con- 
tinuous, or all [ACG] and approximately continuous functions then F(x)G(x) 
necessarily belongs to the same class. On the other hand the product of two 
mean continuous functions or even the product of a mean continuous and a 
continuous function need not be mean continuous. 

The condition that F(x)g(x) be P-integrable may be replaced by conditions 
on g(x) if the P-class is one of the classes of indefinite Cesaro or GM,-integrals. 
However, this condition is necessary for the class of all [ACG], approximately 
continuous functions since functions of this class need not be integrable in any 
sense. 


6. Appendix (Details of examples listed in 1.2). We denote by J,,. = 
[@pe. Ope] (2 = 1, 2,... 2") the closures of the pth set of intervals deleted in 
the usual definition of Cantor’s ternary set and let E = [0,1] — >> J,x. Then 

dk 


|E| = 0. Each of the functions we shall define will be AC on each of the in- 
tervals J,, and on the set E and therefore ACG on [0,1]. Except for the 
continuous function defined in example 4 they will not be [CG] or [ACG]. 


Example 1. Arrange the rational numbers between 0 and 1 in the order 1, 


1/2, 2/2, 1/3,...,1/n, 2/n,...n/n,... Let r, denote the pth number of 
this sequence. Set F(x) = 0 on E and, on each of the intervals J,, (k = 1, 
2,...,2”-") set F(x) =r,. Then F(x) is ACG on [a,b], DF = 0 almost 


everywhere on [a, 6] and F has property D4, without having any of the other 
Darboux properties. 
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Example 2. Define F(x) = 0 on E and on each interval J,, set 
F(x) = 1+ 2(x — byr) 
Dok — Gok 
Example 3. Set F(x) = 1,x € E, 
(2? — 1) (x — Dye) 


F 
“) 2? (bne — A pk) 


> 





on I, for p even, 


F(x) — rt) on 1.5 for » odd. 


2? (Dok = A yk) 

Example 4. Let F(x) be the function defined in example 1. Using as bases 
each of the closed intervals J,, for which r, = i/nm (¢ = 1,2,...,2;" = 1, 
2,...), construct isosceles triangles with altitudes 1/n. Define G(x) = 0 for 
x € E and define G(x) as the corresponding point in the side of the triangle 
above x for the remaining points of [0, 1]. Then G(x) is continuous on [0, 1] 
and is [ACG] on [0, 1] since it is AC on each of the closed intervals J,, and on 
the perfect set E, the closure of E. The function H(x) = F(x) — G(x) is Dar- 
boux continuous, in fact has property D”, on [0, 1] while H(x) — G(x) has 
property D, without having any other Darboux property. 
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THE CLASS NUMBER OF THE CYCLOTOMIC FIELD 


N. C. ANKENY anp S. CHOWLA 


1. Introduction. Let g denote an odd prime, and hk = h(g) the class number 
of the cyclotomic field R(¢), where { is a primitive gth root of unity. It is 
known that we can write 


h = hyhe 


where h, and h, (both integers) are the so-called first and second factors of 
the class-number; in fact hz is the class-number of the real field of degree 2 
under R(¢), namely the field R(¢ + ¢—'). 
Kummer conjectured (J. de Math., 16, 1851, 473) that 
giete/4 


(1.1) hi~ =G 


2-8) /2 g(o-1)/2 





(The sign used here is the sign of asymptotic equality.) He also calculated 
hy for g < 97 and found h; = 1 for g < 19, 4; = 411,322,823,001 for g = 97. 
No proof of (1.1) has yet been published. 

In this paper we show that 


(1.2) log (41/G)/log g — 0 (g—@) 


and this is the most that we can prove in the direction of Kummer’s conjecture 
(1.1); an interesting consequence of (1.2) is that: 

There exists a go such that 4;(g) is monotonic increasing for g > go; in fact 
if ge > gi > go, we have 


hy (g2) > hs (g:). 


We further show that if Kummer’s conjecture is true we must have 


(1.3) UC, .p* = O(g) 


asg— ©, where: 


C,= 1 if p =1 (modg), 
C,=-—1 if p= —1 (modg), 
C,= 0 inall other cases. 


Here p stands for a typical prime. 

We are unable to prove (1.3), which if true, must lie very deep. We remark 
that the convergence of the series on the left side of (1.3) has been known for 
a long time [3]. As far as the authors are aware, the result h = h(g) ~ @ 
as g — ©, is explicitly proved here for the first time, excepting a recent paper 
of R. Brauer [2], who also gets a sharper form of this result. 


Received July 28, 1949; revised March 13, 1951. 
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In §5, we assume the extended Riemann hypothesis and prove the following 
result, which is naturally suggested by the methods of this paper. 

Let 6, and 6, denote any fixed constants such that } < 6, < s< @,< 1. 

If the extended Riemann hypothesis is true, there exists, for every given 
¢ > 0, a non-principal character x(m) (mod g) such that 


(1.4) |L(s)| = | x x(n)n-*|< 1 +6 


for all g > go(e), g prime. 

This result with the larger constant (¢(2s))! + « on the right hand side of 
the inequality is implicit in some recent work of Atle Selberg [4], but it (in 
this weaker form) is proved by him without any hypothesis. (Here {(s) de- 
notes Reimann’s Zeta Function; hence ¢(2s) > 1 for s > 4). 


2. For m not a multiple of g we define 
x:(m) = exp { 2Qein’t/(g — 1)} 


where n’ is defined as follows: let r denote a primitive root of g, then 


rr’ =n (mod g); 
t runs through the odd numbers 1, 3,5, .. ,g — 2. If mis a multiple of g we 
define 
Xe (n) — 0. 


It is easy to see that x; (m) is a non-principal character (mod g) and that 


i(g — 1) [n= 1(g)}, 
DX xem) = 4 — Hg — 1) [mn = — 1(g)], 
. 0 [nm = + 1(g)]. 
Further write 
Lis) = rs xe(n)n~* [R(s) > O]. 
It now easily follows that for s > 1, 
1 Le(s) = exp {e’ LZ Com m—'p-™*}, 
where g’ = 4(g — 1), and 
Co.m I [p™ = 1(g)], 
Com == | (p™ == 1(g)), 
Cp.m = 0 [p™ = + 1(g)}. 
Since, as is well known, 
hy _ 
ihe Mt L(t) 


and > C, p~ is convergent, it follows that 


h ai 
(2.1) a = exp tg’ LCr-P*+ 2D L Comm 7. 
> m22 
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In the rest of this section we show that 


(2.2) - x= Cp 0 (g > @). 
Let us write 
C(x) = 2 C>. 
PK 


Denote by x(x; k, /) the number of primes = / (mod k) not exceeding x; $(k) 
is the number of positive integers not exceeding k and prime to k: we shall 
need the following lemmas. 


LEMMA 1. For any positive « . 
w(x; k, I) = tht [x > k*4. 
lo(z)log x 
Here the constant implied in the O depends on ¢ alone. Although this result 


follows from the method of Viggo Brun, it was first stated explicitly by 
Titchmarsh [5]. 


LemMA 2. If (k,l) = 1 then for arbitrary positive 0, 
l - du = ; " xi-ek? 
a(x; k,l) — —— = O(xe~A doz 2)*) + O | ——__—__}.. 
o(k) J2 log u o(k) log x 

Here the constant implied in the O is an absolute one, A is an absolute positive 
constant, ¢ is a positive constant depending on @ alone. This result is due to 
Walfisz [6]. 

Applying Lemma 1 with k = g,/ = 1 and/ = g — 1, we obtain 


(2.3) C(x) = o( ~ [x > git4, 
g log x 








where the constant implied in the O symbol may depend on «. 
We have for x > 2g — 1, since C(2g — 2) = 0, 
” - — C(n) — Cin — 1 
SGpt= FC opt= yO 
Fe 2a-1<?<% 2g-1 n 
= Ce 
= —— oem a  , 
x ~, n(n + 1) 





(2.4) 


We split the sum 
_ __C(n) 
2¢—-1 n(n + 1) 





into three parts, thus: 
A. = S + Se + S3. 


In 
Si, n goes from 2g — 1 to g'**, 
Se, n goes from 1 + g'** to exp (g”), 
Ss, n goes from 1 + exp (g”) tox — 1; 


6 is a small positive number whose exact specification will be given later. 
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Clearly, 
ISs| < CD (mg -1)"+ EC (ome + 1)>7 


(2.5) me — T< ete mg +1 <r 
= Of g= _ m~1} _ of ston e\ ‘ 
m < 2g* g 


where the constant in the last O symbol is independent of both « and g. 
Again from (2.3) we have 


(2.6) 0< C(x) < AW [x > e'*4, 
g log x 
where K(e) is a constant depending on « alone. Hence 
|S:| < <e x (n log n)™ lg'**< m < exp (g”)] 
(2.7) < A6K(e) log g 
g 


where A is an absolute positive constant. Here we used the well-known 


> (n log nn) = o(| 


= du 





) = O(log log x). 
2 u log u 


It remains to estimate S;, for which purpose we use lemma 2. 
From lemma 2, 





C(x) = O(xeA “oz »4) + (= ‘. 
g log x 


It follows that 
C(n) 


E08 —ae. 
o= n(n + 1) 
= O { Donte A llog na} +0 {> g'n-(log n)~*} [exp (g¥) <n <x] 


since, for x > exp (g”), 


[1 + exp (g”) <n Qx- 1] 


x** > logx [g > go(@)}. 


Hence, interchanging the O terms, 


S; = of >. g'n—(log n)~*} + Of ¥ n~ (log n)~¥/*}, 


nm > exp (g%) n= exp (9%?) 
since we have 
(log n)¥*< eAtor4 — in > exp (g"), > g0(6)]. 
Thus for g > go(@),0 < xo, 
(2.8) Ss = Ole) + O(Or1g MUD) = Og, 
From (2.5), (2.7), (2.8), we obtain 
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(2.9) |S| < O(eg log g) + O(0K(e)g™ log g) + O(g-*-* 0), 


where the constants implied in the O symbols are independent of ¢ and @ and g. 

For any given e« we can choose @ so that @K(e)< «. Hence (2.4) and (2.9) 

give 

(2.10) —~ 5 C p30 (g+@), 
logg *#<«x 

which is (2.2). 


3. In this section we prove 


(3.1) => = Comm p-* = O(g"). 
> ™ 2 
Clearly, 
sas Is<e =m (p" = + 1) 


where S;, is the contribution of the sum from the terms with p < g, S; the con- 
tribution of the terms with p > g (clearly » = g contributes nothing). 
First consider 


Is < Fen Ole om} 
(3.3) =0}{ x x(x) . x7} 
= O (g™ (log g)™). 


Since x(x), the number of primes < x, is of the order of x/log x. 
Split S, into two parts: 
(3.4) Si = S3 + Ss 
where 
(3.5) S= 2D u m~'p~™ 
-’ m22 
and the variables m, p are subject to p< g, p” = 1(g); Sq is the same sum but 
with variables m, p subject to p < g, p™ = — 1(g). 
We first treat S;. Since the congruence x” = 1(g) has at most m solutions 
with 0 < x < g, it follows that S; can be written as 
fo =) 1 ( Bim) 6 
6 =: and a. 
3 ) Ss 2 m ‘<. Ua + i} 
where 
A(m) = 4(m* — m) + 1, 
B(m) = 3(m* + m), 
each @ is 1 or 0, and the w’s are different positive integers. We clearly have 
B(m) 
9a 


(3.7) Si<g7 3 mf p ah =¢° > d,m™. 


m=2 a=A(m) Ua m=2 








CLASS NUMBER OF THE CYCLOTOMIC FIELD 491 





Write 
Dz = dx, D3 = dz +d3, Dg = d2+ds+ ch, ; 
Then 
*d, Dz, Ds-—D;, Ro i, @ .*s* 
an Ln ee + x “3+ amtD 
Clearly 
h(n? +2) —1 
(3.9) 0< D, < o a”, 


e=1 


From (3.6) to (3.9) we obtain 


3.10 0< S$ - — _ a O 

. < <= a, 1 \ = c. 
(3.10) <Ckhoant 2, Te 
Again 


co B(m) 
l dba 
S,= — , 
, Z, ™ g=A(m) ak — 1 
where each ¢ is 0 or 1, and the v's are different positive integers. 








Since 
B(m) . 
ba da - dba 
fo Egatdeeg) 
&, Vag — 1 ay Vag + 1 2 
B(m) be 
= + O ~?) 
meuati Vag + 1 “ 
it follows, as in the case of S; that 
(3.11) S, = O(g). 


From (3.2), (3.3), (3.4), (3.10), (3.11) we derive (3.1). 
4. From (2.2) and (3.1), 





(4.1) i = = o( 18 e). 
From (2.1) and (4.1) 
(4.2) log (#) = 0 (og 2) 


which is our main result stated in the introduction. Further we have proved 
that if Kummer’s conjecture is true we must have 


(4.3) LX Cpp™ = O(g). 


5. In this section we assume the truth of the “extended Riemann hypo- 
thesis."’ For R(s) > 1, it is easy to see that 


(5.1) Lis) = exp { HCp-p* +2 x X Comp") 


where g’ = $(g — 1). In the sequel we shall need the following result due 
to Titchmarsh, [5], which we state as a lemma. 
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Lemma 3. [If the extended Riemann hypothesis is true, and (k, 1) = 1, we have 


: ss 1 = du 4 
(5.2) a(x; k, l) = Pv¢)) I; log u + O(x log x) 


where the constant implied in the O is independent of both x and k. 


Titchmarsh makes the restriction x > k but this is plainly unnecessary for 
a(x; k,l) = O(1) ifx< k. 
From (5.2) it follows that 
(5.3) C(x) = £ Cy = O (x? log x) [x > 2], 
3 
where the constant implied in the O is independent of g. 
Hence the series 


2 Cp Pp 


is convergent and represents an analytic function of s whenever R(s) > }. 
Further, the series 


a 2 Commo 


p> m22 
is clearly an analytic function of s for R(;) > 4, in fact without any hypothesis. 
Hence, by the theory of analytic continuation it follows that (5.1), proved 
for R(s) > 1, is also true for R(s) > } on the assumption of the extended 
Riemann hypothesis. 

We next estimate the series on the right hand side of (5.1) qua function of g. 
We restrict s to be real and to lie between 6; and 6; where $< 0, < 6.< 1. 
We have 

UC,.¢"° = ) Co.P*+ 2 C,.p-* = Gi + Go 
4 


2g -1l<p<# 


Clearly 
(5.5) Gi = Ofg-*(1-* + 2-*° +... 4+ 97)} = O(g'). 
To estimate G; we use (5.3) and obtain 
Cc l 
(5.6) E cpt = 04 5 St - o( kes). 
p >s a>g%e*) g 


From (5.4), (5.5), (5.6) we obtain 
(5.7) > C, p~* = O (g'** log g). 


To estimate 
 # Com oo 


> 
qua function of g, we use the method of §3. Write 
G=2) 2 =p [p™ = + 1(g)). 


-’ m22 


Put 














(5. 


wh 
rer 


Si 
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(5.8) Gs = Ga + Gs, 


where G, is the part which arises from the terms of G; with p < g, Gs the 
remaining part (terms with p > g, for » = g contributes nothing). We have 


5 rv nol eye} of E Hah 


’>« meo2 
= O {g'**/log g}. 





Hence 
(5.9) Gs = O {g'**/log g}. 
To estimate G, we again use the method of §3. We write 
(5.10) Gs = Ge + Gi, 
Gs = > { > > eee er , ’ 


maa ™ \o -A(m) (tag + 1) 
@o 1 B(m) da \ 
G; = — ——7, 
. 2, m ‘. Xow (vag — 1)° 
where A(m) = 4 (m* — m) + 1, B(m) = 4 (m* +m); the w’s are different 


positive integers, each @ is 1 or 0; the v’s are different positive integers, each 
¢ is 1 or 0. 


Since 





it follows as in §3 that 
(5.11) Gs, Gr = O (g™*). 
From (5.5) and (5.8) — (5.11) it follows that 
(5.12) 1 Li(s) = exp fef(e)} [s > 4], 
where f(g) ~OQasg—©. (1.4) is an immediate consequence of (5.12). 


6. In this section we give a direct simple proof of the result (also implied 
in the work of Paley and Selberg—see [4]: 


(6.1) X |Le(1)|? ~ 4ee(2). 

This relation gives an upper bound for 4,/G. For, from (6.1) 

(6.2) 1 |L.(1)? < {3 x inane} < exp (Ag). 
t ‘ 


In view of Pélya’s celebrated inequality 
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(6.3) Exum) = O (g! log g), 

we obtain 

(6.4) L,(1) = 3 xe(n)n~ = ¥ xe(m)n + O (log g) g~?. 
Again (6.4) for the conjugate character, reads 

(6.5) 3 xe(n)n— = ¥ x(n). n + O (log g) . g~?. 
From (6.4) and (6.5) we obtain on multiplication 

(6.6) IZ4(1)/? == 4 xeon) + O (log? g) . g~#. 


Hence we obtain the desired result, namely: 
(6.7) = |L.(1)|? = 4(g — 1) 7 +0 (g* log? g) 
n £ 
= $gt¢(2) + O (g! log? g), 


using (when m, m are not multiples of g) 


x 4(g — 1) [m= n(g)], 
(6.8) DL xe(m)xe(m) = 4 — He — 1) [m = — n(g)), 
' | 0 [m # + n(g)]. 
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CYCLIC INCIDENCE MATRICES 
MARSHALL HALL anp H. J. RYSER 


1. Introduction. Let it be required to arrange v elements into v sets such 
that each set contains exactly k distinct elements and such that each pair of 
sets has exactly \ elements in common (0 <A <k <9). This problem we 
refer to as the v, k, \ combinatorial problem. Listing the elements x;, x2, . . . , 
%» in a row and the sets S;, S,...,.S, in a column, one forms the incidence 
matrix A of the arrangement by inserting 1 in row i and column j if x; belongs 
to S;, and 0 in the contrary case. 

It has been shown that \ = k(k — 1)/(v — 1), and consequently the matrix 
A satisfies 

AA* = A‘A =B, 
where A‘ denotes the transpose of A and where B has k in the main diagonal 
and 4 in all other positions [7]. In the present paper, we are concerned only 
with the special case in which the incidence matrix A is cyclic. This problem 
we analyse in terms of incidence matrices and multipliers of difference sets. 
Extensive use will be made of certain of the results and techniques developed 
by Bruck, Chowla, Ryser, and M. Hall in [1], [3], [4]. 


2. A non-existence theorem. Let us now suppose that the incidence matrix 


a, ae **e a» 

Ge G@3 «es Gy 
A= 

Gye Gy «e+e Agus 


of the v, k, \ problem is cyclic. In this section we derive the following non- 
existence theorem. 


THEOREM 2.1. Let 0 <2’ <k <0, and let v be odd. Let e be an arbitrary 


positive divisor of v. If there exists a cyclic solution of the v, k, problem, then 
the Diophantine equation 


x? = (k — d)y* + (— 1) eo? 


must possess a solution in integers not all zero. 
We begin with the following Lemma. 


LemMA. Let B be a matrix of order v, wherevis odd. Let B have the integer k 
in the main diagonal, and the integer ) in all other positions, where 0 <  < k. 
If there exists a matrix A with rational elements such that 
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(B) AA*™ = B, 

then there must exist an integer T such that 

(1) T? = (k — \) + vA. 
Moreover, the Diophantine equations 

(2) H = (k — \)¥ + (— 1) a 
and 

(3) xt = (k — d)y* + (— 1) KPa 


must each possess solutions in integers not all zero. 


Equation (1) follows directly upon observing that the determinant of B is 
(k — A)*"" (k + (» — 1)A), and that this quantity must be a square. The 
derivation of (2) is contained in [3]. For the sake of completeness, we sketch 
the proof for the case v = 1 (mod 4). 

The matric equation (B) implies 


RD XP +A Digs ey = (Rk — A) Dhar x? + A (Dx)? = Lin u?, 


where the matrix of the transformation x; = }°c;;u; is rational and non- 


singular. For a diagonal matrix [k — A, k — A,...,& — A] of order v = 1 
(mod 4), there exists a rational and non-singular D such that [k — A, k — 4X, 
...,k — dj = D"[1, 1,...,1, & — AD, whence 


(k — d) Liat? - Liz? + (k — d)9’. 
Henc: 


Liziyé + (k — Ady? + ML)? = Ci-me, 


where the d; are rational and the matrix of the transformation y; = S(e;;; is 
again rational and non-singular. Set y; = > e:ju#; = + u, where the coeffi- 
cient is +1 if e #1, and —1 if ey, = 1. Then ye = Djosfju;, and set 
Y2 = + ts, where the coefficient is + 1 iff, = 1,and — liff; = 1. Continue 
inductively, setting y1 = +1. Finally, let u, equal a non-zero rational. 
Then #* = (k — d) #* + A# possesses a non-zero solution in integers. 

To derive (3) from (1) and (2), observe that if k — \ is a square, then (3) 
possesses an obvious non-zero solution. However, if k — \ is not a square, 
then 2 + 0, and hence (1) and (2) imply 


(2T + (k — d)5)? — (k — d)(@ + FT)? = (— 1) 003)", 


so that (3) again possesses a non-zero solution. 

Diophantine equations of the form (2) and (3) may be analysed in terms of 
the classical theory of Legendre, and necessary and sufficient conditions for 
their solvability are conveniently expressed in terms of the norm-residue 
symbol. The proof of the Lemma does not require the Minkowski-Hasse 
theory. However, this theory may be applied directly to the matric equation 
(B), with the exclusion of the same values of v, k, and A. This approach has 
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been developed by Shrikhande in investigations on the non-existence of block 
designs [8]. 

To derive Theorem 2.1, we now utilize the techniques developed in [4] for 
the cyclic projective plane. A cyclic solution of the v, k, \ problem is equival- 
ent to a difference set d;, d2,...,d, of k numbers mod v. Following [4], one 
defines 

Ox) =x + xe +... + 2%, 
whence 6(x)0(x~') = x44. Now for » #0 (modv), the congruences 


d; — d; =n (mod v) have precisely \ solutions. Hence in the notation of 
polynomial congruences described in [4], it follows that 


6 (x)O(x") = R+Mx+...+ 2°") mod x* — 1. 

Now let e divide v, where v = en. Then 
O(x) = bo + Oye +... + Ox? mod x* — l, 
where the 5; are by definition the number of d’s congruent toi mode. Then 
O(x)O(x") = k+XA(w — 1) + wA(e +... + x) mod x* — l, 


and upon equating coefficients, it follows that 
Liza bo? =k —A+ pr 
(M) 
Lixod dis; = ph, 
where j = 1,2,...,¢ — 1, and the subscripts are to be taken modulo e. 


Now define the cyclic matrix 


bo by bes 
s-| 7 fot 
* be bes 


of order e. Then by the equations (M), it follows at once that 
(N) SS* =D, 


where D has k — \ + pA in the main diagonal and wd in all other positions. 
But by the Lemma, the equation x* = (k — A)y* + (—1)**™ ez? possesses a 
non-zero solution in integers/ 

Actually the above theorem for e a prime and e= 3 (mod 4) implies a theorem 
of Chowla [2], [3]. But the interconnection between equation (N) for the 
cyclic case and equation (B) for the general case is perhaps of greater interest 
than the precise range of excluded values. 

Singer has established the existence of difference sets for »v = p** + p” + 1, 
k = p* + 1, andj = 1, where p isa prime [9]. Let e be an arbitrary positive 
divisor of v. By the preceding theorem, the equation 
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x? = py? + (— 1)Ke eg? 


possesses a non-zero solution in integers. 

Recently Bhattacharya [5, p. 122] has exhibited a solution of the v, k, A 
problem for v = 25, k = 9, and \ = 3. However, cyclic solutions do not 
exist. For lete = 5. Then the equation of the theorem becomes 


x? = 6y*? + 52’, 
and this does not possess a non-zero solution in integers. 


3. The multipliers of a difference set. If d,,...,d, are a difference set 
mod v, following [4] we say that ¢ is a multiplier of the set if for some s the 
residues id,,... , td, (mod v) ared; + s,...,d,% + s (mod 9), apart from order. 
Clearly, if ¢ is a multiplier, then for some i, 7, m, and n, we have 1 = d; +s 
— (d; +s) =t(d, —d,) (modv). This implies that (¢,v) = 1. Moreover, it 
is clear that the multipliers form a multiplicative group mod v. 

Letting 6(x) = x“ +... + x%, it follows that 


O(x)O(x") = k —X+ AT (x) mod x* — l, 
where T(x) = 1+2x+...+x°". The existence of a multiplier ¢ is equiva- 
lent to an identity 

O(x*) = x*O(x) mod x* — 1. 
THEOREM 3.1. Let p be a prime divisor of k — such that p+v and p> x. 
Then p is a multiplier of the difference set d;, ...,d, (mod 2). 
In the notation of [4], 
6(x)@(x") = 0 modd »p, T(x). 
Since @(x”) = (@(x))? (mod ), it follows that 
O(x”)O(x) = 0 modd p, T(x), 
whence 
6(x?)O(x-") = aT (x) + pRi(x) mod x” — 1. 


Setting x = 1 implies that k® = av (mod p). Since k(k — 1) = A(v — 1), 
it follows that k? = Av (mod p). But (v, p) = 1 so that a = A (mod p), and 
hence 

O(x?)O(x) = AT (x) + PR(x) mod x” — 1. 


Now 0(x?)@(x7") = e€o + exe + ... + &»-1x""' mod x” — 1 consists of powers 
of x with non-negative coefficients. Since p > X, it follows that R(x) consists 
of powers of x with non-negative coefficients, and the sum of these coefficients 
must be (k? — Av)/p = (k — A)/p. Similarly, 


O(x)O(x-?) = AT (x) + pS(x) mod x” — 1. 


Now trivially 0(x”)@(x~”) = k — } + AT(x) mod x* — 1. Hence upon noting | 
that x*7(x) = T(x) mod x* — 1 and comparing the two values obtained for 
6(x”)0(x)0(x)0(x—”), it is clear that 
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p?R(x)S(x) = (k — d)* mod x* — 1. 


But since both R(x) and S(x) consist of non-negative terms whose coefficients 
total (k — A)/p, this relation can hold only if both R(x) and S(x) consist of a 
single term with coefficient (k — \)/p. Hence R(x) = (k — A)/p.x* and 
S(x) = (k — A)/p.x*~*, whence 


6(x”)0(x-") 
Multiplication by @(x) implies 
O(x?)(k 


AT (x) + (Rk — X)x’ mod x” — 1. 


A+ AT (x)) = O(x)AT (x) + (R — A)x*O(x) mod x* — I, 
T(x) mod x*® — 1, it is clear that 
(Rk — A)O(x”) = (Rk — A)x*O(x) mod x* — 1. 


Thus 6(x”) = x*@(x) mod x” — 1, and the theorem follows. 

The existence theorem for multipliers raises an interesting complication 
which does not arise in the case of the cyclic projective plane. The restriction 
b> was used in the derivation of Theorem 3.1. However, the authors 
have been unable to show by means of an example that this restriction is an 
essential part of the hypothesis. 


and since x*7(x) 


THEOREM 3.2. Let t be a multiplier of a difference set d;,...,d, (mod v), and 
let (t—1,v) = 1. Let q be an odd prime divisor of v, and let t be a primitive 
root mod gq. Then the integer k — d is a square. 


Since ¢ is a multiplier, (¢, 0) = 1, and r < #r constitutes a biunique mapping 
of the integers mod v upon themselves. The only integer left fixed by this 
mapping isr = 0. Let 7, denote the difference set 


dy + u,de+u,...,de+u. 


Now the multiplier ¢ maps d; + u into td; + tu = dj; + s + tu, and hence ¢ 
maps the difference set T,, into the difference set T,.:,. Hence the mapping 
leaves fixed the unique difference set 7, with (¢— 1)u=—s (modv). Upon 
applying the multiplier ¢ to the elements of this difference set, it follows that 


O(x‘) = (x) mod x* — 1. 


Now let «¢ be a primitive gth root of unity. For n =¢* (mod q), it follows that 
6(e") = 0(€), and consequently @(«) is rational. Hence @(¢€)@(e") = k — 2 is 
a square. 


THEOREM 3.3. Let t be a multiplier belonging to the exponent emodv. Then 
the mapping z — 2t — s permutes the elements of the difference set d,, do, ..., dx 
(mod v) in cycles of length dividing e. 


By hypothesis the mapping z — 2¢ carries the difference set d;, . . . , dy into 
td;,...,td,, which is d; + s,...,d, +s in some order. Hence z— 2 —s 
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maps the difference set onto itself. Upon iterating this process e times, we 
obtain 


zat —s(l+i+...+ #7), 


which maps the difference set onto itself. Since ¢° = 1 (mod), this yields 
z—z—A, with A =s(l+i+...+#"). If A #0 (mod 2), then the 
difference A occurs at least k > \ times. Since this cannot happen, A = 0 
(mod v), and the period of the permutation must be a divisor of e. 

The condition s(1 ++ ...+%¢*"') =0 (modv) may often be used to 
show that s is divisible by common factors of f — landv. The condition that 
s be divisible by (¢ — 1, v) is of course sufficient to show that an m exists such 
that (z + n)t = 2t + s+ m (modv), whence the difference set dj + n,..., 
d, + n is mapped onto itself by the multiplier ¢. 


The following examples exhibit the various ways in which the use of the 
multipliers is effective. 


Example 1. Let » = 37, k = 9, and \ = 2. Here k — \ =7 is a multi- 
plier and since (7 — 1, 37) = 1, there is a fixed difference set. Multiplying 
by an appropriate factor, one element of the set may be taken as 1. Hence 
we have 

1, 7, 9, 10, 12, 16, 26, 33, 34 mod 37, 


viz., the powers of 7, and these numbers do form the required difference set. 


Example 2. For the cyclic plane with » = 273, k = 17, and A = 1, we have 
k — \ = 16, and hence 2 is a multiplier. The line through 91 and 182 is 
necessarily a fixed line. Here 2" = 1 (mod 273), and so the cycles may have 
lengths 1, 2, 3, 4, 6, or 12. Now 2‘ = x (mod 273) implies 2*x = x (mod 
273), and x = 0, 91, or 182. We cannot have 0 with 91 and 182 since 91 
cannot occur twice as a difference. Hence besides 91 and 182 we will have 
elements with cycles of lengths 3, 6, or 12 to make up the remaining 15. Hence 
there must be at least one cycle of length 3, and 2*x = x means x = 0 (mod 39). 
Thus the number of x = 0 (mod 39) is at least 3, and cannot be greater with- 
out repeating differences. The remaining twelve d’s cannot all be divisible by 
13. Hence there is a d whose common factor with 273 is at most 21. This 
belongs to a cycle of length 12. But we cannot have 12 .13 = 132 differences 
which are multiples of 3 or 7. Hence the remaining cycle includes numbers 
prime to 273, of which one may be taken as 1. Thus we have 


1, 2, 4, 8, 16, 32, 64, 91, 128, 137, 182, 205, 239, 256 


and either 39, 78, and 156 or 117, 195, and 234. Since 39 — 32 = 8 — 1, the 
first alternative is out, and we have only the possibility 
1, 2, 4, 8, 16, 32, 64, 91, 117, 128, 137. 182, 195, 205, 
234, 239, 256 mod 273, 


which is in fact a difference set mod 273. 








Do —_— = me 


~~ --* & — 
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Example 3. Letv = 15,k = 7,4 =3,andk—2A=4. If we assume that 
2 which divides k — \ is a multiplier, we readily find the difference set 0, 1, 2, 4, 
5, 8,10 (mod 15). Since 2 < 3, Theorem 3.1 does not apply. But by Todd’s 
enumeration of these designs [10], this is in fact the only cyclic solution. 


Example 4. Letv = 41,k = 16,4 = 6,andk—2A=10. Here the prime 
divisors 2 and 5 of k — X are both less than A and so Theorem 3.1 does not 
apply. But 5° = 2 (mod4l1). Hence 


O(x*) = O(x*) mod x*! — 1 

and 
O(x?) (x!) = (0(x))'™ O(x") = O modd 5, T(x), 
O(x?)O(x—!) = (6(x))? O(x") =O modd 2, T(x). 
Hence 6(x*)@(x~!) = 0 (modd 10, T(x)), and 0(x*)@(x") = aT(x)+10R,(x) 
mod x“'— 1. As in Theorem 3.1, we may conclude that 2 is a multiplier. 


But 2 belongs to the exponent 20 mod 41, and so we readily see that no cyclic 
solution exists. 


The method of this example may be expanded to show that in general if 
t=p," =p,* =... = p,*r (mod 2) is prime to v, where fi, . . . , Pr are distinct 
primes dividing k — \ whose product exceeds \, then ¢ is a multiplier. 


Example 5. It has been conjectured by Paley that in the Hadamard case, 
v = 4m — 1, k = 2m —1, and \ = m —1, the design always exists [6]. The 
first case in doubt is »v = 91, k = 45, and A = 22. Here kR — A = 23 > Xd is 
a prime and therefore 23 is a multiplier. Now (23 — 1,91) = 1, and so there 
is a difference set fixed by the multiplier 23. Of the 45 residues mod 91, let 
there be a; congruent to i mod 7, wherei = 0,...,6. Since 23 = 2 (mod 7), 


Q,—ad2 > & =X, 
a3 =~ & = a =), 


- 


and 
ado + 3x+ 3y= 45. 


Now )-a,¢i41 = 286, which is the total number of differences congruent to 
1 (mod 7). This yields 


ao(x + y) + x? + 3xy + y* = 286. 


Moreover, the period of 23 mod 91 is 6. Hence ap is divisible by 6. Thus 
in the pair of equations 
ado + 3x + 3y = 45, 
ao(x + y) + x*° + 3xy + y’ = 286 


we need try only ap = 0, 6, 12. In no one of these cases do integer values 
for x and y exist, and hence for v = 91 there is no cyclic solution. 
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ANALYSE ET SYNTHESE HARMONIQUES DANS LES 
ESPACES DE DISTRIBUTIONS 


LAURENT SCHWARTZ 


Introduction. Cet article supposera connue la théorie des distributions, 
pour laquelle nous renverrons a notre livre Théorie des distributions (Paris, 
1950). Nous noterons par (D) cet ouvrage. Rappelons cependant les défini- 
tions des principaux espaces utilisés, sur une variété indéfiniment différen- 
tiable V": 

(D) = espace des fonctions indéfiniment différentiables 4 support compact;' 

(€) = espace des fonctions indéfiniment différentiables 4 support quelcon- 

que; 

(D’) = espace des distributions, dual topologique de (D); 

(€’) = espace des distributions 4 support compact, dual de (€) . 


Il y aura lieu aussi d’utiliser les espaces (D”) et (E€") de fonctions m fois 
continiment différentiables (alors (D) = (D~), (©) = (E~)) et leurs duals 
(D'"), (€'™). 

D’autre part pour |’étude de la transformation de Fourier, il y a lieu d’ utiliser 
les espaces suivants, sur R® ou plus généralement sur un groupe abélien locale- 
ment compact élémentaire:?. 


(S) = espace des fonctions indéfiniment dérivables 4 décroissance rapide; 

(S’) = espace des distributions a croissance lente ou tempérées, dual topo- 
logique de (S); 

(Om) = espace des fonctions indéfiniment dérivables a croissance lente; 

(©’c) = espace des distributions 4 décroissance rapide. 


Le but de cet article est l'étude des sous-espaces vectoriels fermés des pré- 
cédents, invariants par les opérations de multiplication ou de composition. 


LES SOUS-MODULES FERMES DE L’ESPACE DES DISTRIBUTIONS POUR LE PRODUIT 
MULTIPLICATIF 


Pour la multiplication par des fonctions indéfiniment différentiables sur V", 
(D”) et (E”) (m fini ou infini) sont des anneaux ou algébres, (D’") et (€’”) 


Regu le 5 septembre, 1940. 

1A la fin du tome II de (D) figure un index terminologique et index des notations, qu'on 
pourra consulter pour tous les termes employés dans le présent article. Les espaces de fonctions 
ou distributions, notés en cursives dans (D), sont notés ici (D), (©), (Maz), (S), ete. .... 

*Nous entendrons par groupe abélien localement compact élémentaire un produit R'xz™ 
XT? X F, ot R = droite réelle, Z = groupe des entiers, T = tore, F = groupe fini. Mais 
nous emploierons pour simplifier la notation relative 4 R”. 
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des modules sur ces anneaux. Nous appellerons (%") les anneaux et (2%) 
les modules. Un idéal de (Y%™") ou un sous-module de (%'") est un sous-espace 
vectoriel invariant par les multiplications. Nous n’étudierons que ceux de 
ces sous-espaces qui seront faiblement fermés (faiblement peut étre remplacé 
par fortement pour (%™), ou pour (’)). 


1. Co-support d’un idéal fermé $ de (%"). Un point a de V" sera dit un 
“‘zéro”’ de l’idéal fermé & si toutes les fonctions ¢ de $ s’annulent ena. Le 
co-support de & sera par définition l'ensemble de ses zéros; c’est un ensemble 
fermé F = F($) de V". Si $ est “‘engendré” par une seule fonction ¢, c’est-a- 
dire si $ est le plus petit idéal fermé contenant ¢, le co-support de & qu’on 
pourra appeler co-support de ¢, est l’ensemble des zéros ordinaires de ¢; bien 
qu’il ne soit pas nécessairement l’adhérence du complémentaire du support de 
¢, la réunion du support et du co-support est V", d’od le nom de co-support. 
Pour un idéal fermé quelconque &, le co-support est |’intersection des co- 
supports de n’importe quel systéme de fonctions ¢ engendrant 3. 

L’ensemble des fonctions ¢ qui s’annulent en un point a de V" est un idéal 
maximal fermé de (A). Par ailleurs, a l'aide d’une partition de l’unité,* on 
montre que tout idéal de co-support vide contient (D”), et par suite est identi- 
que a (A%™) si (A") = (D") ou si cet idéal est fermé. Cela montre d’une part 
que les seuls idéaux maximaux de (D”) et les seuls idéaux maximaux fermés 
de (€”") sont ceux que nous avons vus plus haut (tandis que (D”) est un idéal 
dense de (€"), donc tout idéal maximal qui le contient est dense) ; d’autre part 
que tout idéal fermé de (4) distinct de (M%”") a un co-support non-vide, ou 
est contenu dans au moins un idéal maximal fermé. Le co-support d’un idéal 
fermé % indique les idéaux maximaux fermés qui le contiennent. 


2. Support d’un sous-module faiblement fermé de (’"). (4%) est une algébre, 
son dual (%’") est un module sur (%{”") ; il est alors classique que tout sous-module 
faiblement fermé de (Y’") est l’orthogonal $* d’un idéal fermé $ de (¥™) et 
réciproquement. Rappelons que T € (Y’") et ¢ € (A) sont dites orthogonales 
si T(¢)=0. Leco-support F de $ sera appelé support de §* et noté indifférem- 
ment F, F($*), F($). D’aprés la définition, a € F si et seulement si la masse 
ponctuelle 5,,) est orthogonale 4 $ donc appartient 4 ¥*; F(9*) est l'ensemble 
des points de V" pouvant porter une masse ponctuelle ~ 0 appartenant a 
3*. On a le résultat classique suivant: 


THEOREME 1. Le support F(3*) est la réunion des supports usuels des dis- 
tributions T appartenant a 3*. 


D’abord sia € F, il est le support de 5.) € $*. Si maintenant a appartient 
au support usuel d’une distribution T € &*, les fonctions @ € S$, devant véri- 
fier ¢T = 0, sont nécessairement nulles sur le support de T (car si dans un 
ensemble ouvert ¢ est ~ 0, la multiplication par 1/¢ y est possible et ¢ T = 0 


*Voir (D), chap. I, Théoréme II. 
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entraine T = 0), donc en a, alors a € F(§$). En particulier le support d'un 
sous-module fermé non réduit A {0} n’est pas vide. 

Ce théoréme justifie le nom de support . Si un sous-module faiblement fermé 
§* est engendré par une seule distribution T, F(*) est le support usuel de T, 
et dans le cas général c’est l’adhérence de la réunion des supports d’un systéme 
quelconque de distributions engendrant $*. Remarquons que le sous-module 
engendré par une masse ponctuelle est un sous-module minimal; réciproquement 
tout sous-module minimal a évidemment un support ponctuel, donc est en- 
gendré par une masse ponctuelle. Le théoréme I prouve alors que tout sous- 
module faiblement fermé non réduit a {0} contient au moins un sous-module 
minimal. Cela prouve 4 nouveau que les idéaux maximaux fermés de (%{") 
sont ceux que nous avons vus, et que tout idéal fermé distinct de (YM) est 
contenu dans au moins un idéal maximal fermé. Le support d'un sous-module 
faiblement fermé indique les sous-modules minimaux qu’ il contient. 


3. Insuffisance du co-support et du support. Pour m=O, co-support et sup- 
port caractérisent respectivement un idéal et un sous-module faiblement fermés. 
I] n’en est plus ainsi pour m > 0. Autrement dit un idéal fermé de (Y%”) n'est 
pas l’intersection des idéaux maximaux fermés qui le contiennent; un sous- 
module faiblement fermé de (2’") n'est pas nécessairement engendré par les 
masses ponctuelles qu’il contient. Ainsi l’idéal 3‘ des fonctions ¢ dont toutes 
les dérivées d’ordre < k < m sont nulles en a ou sur une sous-variété U de 
V™ (de dimensions < m) a pour co-support a ou U, quel que soit k; de méme 
le sous-module 3°" * des distributions, couches multiples d’ordre < k + 1 < 
m + 1 portées par a ou U a pour support a ou U, quel que soit k. 3 et 
3* sont d’ailleurs orthogonaux. 

Par contre on voit facilement que $* est toujours engendré par les masses 
ponctuelles 5.) placées aux points a d’un voisinage arbitraire 2 du support F. 
En effet si @ € (A) est orthogonale a tous ces 6,,), elle est nulle sur 2, donc 
orthogonale a toute distribution de §*, de support contenu dans F C Q. 


4. Anneaux et idéaux ponctuels de (%{”"). Les fonctions de (%") qui sont 
nulles en a € V™ ainsi que toutes leurs dérivées d’ordre < m forment un idéal 
fermé; le quotient de (%”) par cet idéal fermé est un anneau (%™) ,) (le méme 
évidemment, que l’on parte de (D”) ou (€")) appelé anneau ponctuel associé 
a (4) en a. Cet anneau est de dimension finie pour m fini, et est alors iso- 
morphe au quotient de l’anneau des polynomes a m variables par I’idéal 
engendré par les mondmes de degré m + 1. Pour m = ©, (%) 4), muni de la 
topologie canonique d’un quotient, est isomorphe a l’anneau des séries formelles 
a m variables, muni de la topologie faible (convergence de chaque coéfficient). 
Si maintenant $ est un idéal quelconque de (%"), son image 3.) dans (M") (4) 
par la représentation canonique de (%”) dans (A) (4) est un idéal $4) de (A™) (a), 
qui sera appelé l’idéal ponctuel associé 4 § en a. 44) est fermé, car dans (%) 4), 
tout idéal est fermé. 
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5. Caractérisation d’un idéal fermé de (%”") par ses idéaux ponctuels. 


TuHeoremMeE II. Un idéal fermé § de (U™) est entidrement caractérisé par ses 
idéaux ponctuels ¥(q),a € V". 


Autrement dit: Pour que ¢ € (%”") appartienne a &, il faut et il suffit que 
pour tout point a de V", l'image canonique ¢,,) de @ dans (4) (,.) appartienne 
a 3a). 

L’ensemble des fonctions ¢ de (Y%”) pour lesquelles ¢,.) est dans un idéal 
ponctuel $2.) ~ (Y%”) (a) donné en un point a de V", est un idéal de (A) qui 
peut étre appelé “primaire’’; il est fermé et n’est contenu que dans un idéal 
maximal fermé. Le théoréme II exprime alors que tout idéal fermé $ de (Y™) 
est l’intersection des idéaux primaires qui le contiennent. 

Le théoréme a été démontré pour m fini par M. Whitney,‘ et sa démon- 
stration est délicate. Mais le passage de m fini a m infini est immédiat. Soit 
en effet $ un idéal fermé de (M1). Si la fonction ¢ est telle que, pour tout 
a€ V", l'image ¢(2) de @ dans (W)(.) soit dans %(q), alors, pour tout m fini, 
l'image (¢”) (a) de @ dans (AY) (4) est dans Ya), image de ¥ dans (WY) (a); mais 
$a) est l’idéal ponctuel associé en a a l’idéal adhérence 4” de $ dans (A); 
cela prouve que, pour tout m, ¢ est dans $”, donc dans leur intersection, qui 
est l’idéal fermé $. Remarquons que pour m = 0, (M°) (a) est le corps complexe, 
Sa) ne peut étre que {o} ou (W°):«), et le théoréme redonne la caractérisation 
de & par son co-support. 


6. Distributions 4 support ponctuel d’un sous-module de (2’'"). Rap- 
pelons® qu’une distribution de support ponctuel @ est (pour tout systéme 
de coordonnées locales) combinaison linéaire finie de dérivées de la masse 6,4). 
En transformant par dualité le théoréme II, on obtient alors: 


TuHEtorEME III. Tout sous-module faiblement fermé de (U'") est caractérisé 
par les distributions @ support ponctuel qu'il contient (donc engendré par ces 
distributions; il est l’'adhérence faible des combinaisons linéaires finies de ces 
distributions). 


Soit d’abord m fini. Appelons (%’") (a), 3% a), les sous-modules de (Y””), 
$*, formés de celles de leurs distributions dont le support est vide ou réduit 
aa. (H’") a) est le dual de (A) (.) (dualité entre le quotient par un sous-espace 
et l’orthogonal de ce sous-espace) ; dans cette dualité, $* .) est l’orthogonal de 
l’idéal ponctuel $2). Alors toute fonction @ de (%”) orthogonale a tous les 
¥%* (a) est telle que ¢(4) appartienne $(.) pour tout a, donc ¢ € 3%, ¢ est alors 
orthogonale 4 $*; cela prouve bien que l’espace vectoriel somme des 3% 4) est 
faiblement dense dans $<. Pour m = 0, nous retrouvons le fait que $x peut 
étre engendré par les masses ponctuelles qu’il contient et défini par son support. 

Passons maintenant A m infini. L’intersection ¥*‘” de (W’") avec 3% est, 


‘On ideals of differentiable functions, Amer. J. Math , vol. 70 (1948), 635-658. 
"Voir (D), chap. III, Théortme XXXV. 
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pour tout m fini, faiblement fermée dans (Y%’"). Alors les distributions a 
support ponctuel de §*, d’ordre < m, engendrent 3*‘” faiblement dans (Y’"), 
donc faiblement dans (%’), et par suite aussi fortement a cause de la réflexivité 
de (4%). Mais toute distribution 4 support compact est d’ordre fini. 
La somme des $% a) est donc dense dans $* (\ (G@’). Enfin toute dis- 
tribution T de &* est limite de distributions aT, a € (D), qui sont dans 
$*7\(G’), donc la somme des $*,,) est bien dense dans ¥*. Remarquons que si 
* est engendré par des distributions d’ordre < m, il est aussi engendré par les 
distributions 4 support ponctuel d’ordre < m qu'il contient. 


7. Equations multiplicatives. Soit H; une famille quelconque de fonctions 
de (€). Les solutions T de la famille d’équations multiplicatives 


7.1 H,T =0 


forment un sous-module fermé $* de (D’), orthogonal a l’idéal $ de (D) engen- 
dré par les aH7;, a € (D). On en déduit: 


TutorEmMe IV. Pour que la distribution T d'ordre m (fini ou infini) soit 
solution de la famille d’équations multiplicatives 7.1, il faut et il suffit qu'elle soit 
limite dans (D') ou faiblement dans (D'") de combinaisons linéaires finies de 
distributions @ supports ponctuels d’ ordre < m, solutions de la famille d’équations. 


En général on approchera les distributions de §* par des combinaisons 
linéaires d’une partie seulement des distributions 4 support ponctuel de 9%. 
Par exemple si G est l'adhérence de I’intérieur F de F ($*), toute distribution a 
support ponctuel dans G est limite de distributions 4 supports ponctuels dans 
F, et toute distribution a support ponctuel dans F est limite® de combinaisons 
finies de masses ponctuelles A supports dans F de sorte que 3% est sfirement 
engendré par l'ensemble des masses ponctuelles 4 supports dans F et des 
distributions de $* 4 support ponctuel dans F — G. 

Par exemple dans R", toute solution T de |'’équation 


7.2 (li-—r)'T=0 
q 
est somme finie® de dérivées normales (2) d’ordres g < 1 — 1 d’extensions 
r 


4 R* de distributions définies sur la sphére unité r = 1, et comme toute distri- 
bution définie sur une variété est limite de combinaisons de masses ponctuelles, 


— — ‘ : — wo a 
T est finalement limite de combinaisons linéaires de dérivées (2) d’ordres 
rT 


< 1 — 1 de masses ponctuelles portées par la sphére unité. 

Dans le cas de la dimension m = 1, on peut perfectionner ce qui est dit plus 
haut. Toute distribution de support ponctuel a € F(9*) est limite de com- 
binaisons linéaires de masses ponctuelles portées par F dés que a est non isolé 


*Voir (D), chap V, Théortme VIII. 
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dans F. Alors toute distribution T € $* d’ordre < m est limite de com- 
binaisons linéaires finies de masses ponctuelles portées par l'ensemble dérivé 
de F et des distributions € $* d’ordre < m dont le support est ponctuel et 
isolé dans F. 


LES SOUS-MODULES FERMES DE L’ESPACE DES DISTRIBUTIONS POUR LE 
PRODUIT DE COMPOSITION. ANALYSE ET SYNTHESE HARMONIQUES 


Nous supposerons maintenant que la variété V” est l’espace numérique X* 
a m dimensions, ou plus généralement un groupe abélien localement compact 
X élémentaire, dont le dual Y” ait m dimensions; nous emploierons cependant 
les notations du cas particulier ok X" = R". 

Le produit de composition fait de (D) et (@’) des algébres, de (D’) et (©) 
des modules sur ces anneaux. Un idéal fermé ou un sous-module fermé n'est 
autre qu'un sous-espace vectoriel fermé invariant par les compositions avec des 
distributions de (€’); c'est aussi un sous-espace vectoriel fermé invariant par les 
translations du groupe. 


L’impossibilité d’effectuer une transformation de Fourier pour toutes les 
distributions nous oblige 4 considérer d'autres espaces que les précédents. 
Nous étudierons alors (S), (S’), (Ox) et (O'c). 


8. Les idéaux et sous-modules multiplicatifs fermés de (S), (S’), (Dy), 
(©’c). Pour les opérations de multiplication vues au paragraphe précédent, (GS) 
et (Oy) sont des algébres. Comme toute fonction ¢ € (S) ou (Dy) est limite 
de fonctions ag, a € (D), qui sont dans (D) et appartiennent a I’idéal fermé 
engendré par ¢, le théoréme II est vrai sans modification dans (S) et (Dy). De 
méme pour la multiplication, (S’) et (O’c) sont des modules sur (S), et (S’) 
sur (Dy), et les théorémes I et III sont vrais sans modification. Nous 
pouvons alors opérer une transformation de Fourier et revenir a |’étude des 
idéaux et sous-modules pour le produit de composition. 


9. Les idéaux de composition fermés dans (©), (©’-). Par transformation 
de Fourier §, nous trouverons les propriétés des idéaux fermés des algébres 
(pour la composition) (S) et (D’c), et des sous-modules fermés (pour la compo- 
sition) de (S’) et (Dy,), modules sur (GS), et (S’), module sur (O’c). 

Le co-spectre F = F($) d'un idéal fermé § de (S) ou (O’c) est le co-support 
de §: c’est l'ensemble des points a € Y” tels que toutes les fonctions de §9 
s’annulent en a. Le co-spectre de tout idéal § fermé non-réduit a {0} n’est 
pas vide, et indique les idéaux maximaux fermés qui contiennent $. Pas plus 
que le co-support pour les idéaux multiplicatifs, le co-spectre ne peut suffire 
a caractériser un idéal fermé. Par contre & sera caractérisé par les idéaux 
ponctuels (§%)(«), associés aux différents points a du co-spectre. 


10. Les sous-modules de composition fermés dans (S’) et (Dy). Le spectre. 
Si 5(4) est une masse ponctuelle + 1 en a € Y", on a (a) = exp (2iwa. x). 





(3 


ir ovr = @® 
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Le théoréme I donne alors, si l'on appelle spectre d’un sous-module fermé 
&* le support de FI*: 


Tutoreme V. Le spectre d'un sous-module fermé 3 de (S’) ou (Oy), réunion 
des spectres usuels des distributions de X*, est aussi ensemble des points a de 
Y” tels que exp (2ima.x) soit dans 3*. Le spectre usuel d'une distribution 
T € (S’) est aussi l'ensemble des a € Y™ tels que exp (2iaa.x) soit limite de 
combinaisons linéatres finies de translatées de T. 


La recherche du spectre d’un sous-module est son analyse harmonique. La 
synthése harmonique est la reconstitution du sous-module a partir des exponen- 
tielles de son spectre. Mais pas plus que pour le support dans le cas multi- 
plicatif, le spectre ne peut suffire 4 caractériser un sous-module fermé; les 
exponentielles exp (2i7a.x) avec a € F(Q*), n’engendrent pas %*, et la 
synthése harmonique est impossible (sauf si sur Y" toute distribution est une 
mesure, c’est-a-dire si Y” est discret, ou X compact). La synthése harmonique 
sera possible exceptionnellement si §* peut étre engendré par des mesures, 
c’est-a-dire si J* peut étre engendré par des distributions de type positif; en 
particulier toute distribution T de type positif est limite de combinaisons 
linéaires finies des exponentielles définies par son spectre. D’autre part, 
comme nous I’avons vu pour le support, $* est toujours engendré par les expo- 
nentielles exp (27 a . x) ol a parcourt n’importe quel voisinage du spectre F. 


11. Génération d’un sous-module fermé par ses exponentielles-polynomes. 
La transformation de Fourier §S d'une distribution S d’ordre m de support 
ponctuel a € Y" est une exponentielle-polynome de degré m, produit de exp 
(21x a.x) par un polynome de degré m: 


11.1 BD? b(a) = (—2twx)? exp (Qi ra. x). 
La transformation de Fourier du théoréme II donne alors: 


TuHtorEME VI. Tout sous-module fermé 3X de (S’) ou (Oy) est engendré par 
les exponentielles-polynomes qu'il contient. (Il est l'adhérence du sous-espace 
vectoriel défini par ces exponentielles-polynomes.) 


Comme toute distribution S = §T est d’ordre fini m, (S) est engendrée 
par les distributions 4 support ponctuel d’ordre < m du sous-module multi- 
plicatif qu’elle engendre; par suite JT est engendrée par les exponentielles- 
polynomes de degré < m du sous-espace vectoriel fermé engendré par les trans- 
latées de T. La considération d’une partie seulement de ces exponentielles- 
polynomes pourra parfois suffire. 

Soit par exemple T une distribution bornée,’ S = § T, a un point isolé du 
support F de S. Montrons qu’au voisinage de a, S est une masse proportion- 
nelle 45,4). Si en effet 8 est une fonction de (D),, de support assez petit, égale 
4 1 au voisinage de a, S est égale 4 BS au voisinage de a, et BS est une distri- 
bution de support ponctuel a. Alors sia = §8, on a §(8S) = a«T7; mais, T 


"Voir (D), chap. VI, p. 56 (tome II). 
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étant bornée et a dans (©), aeT est une fonction continue bornée, ce qui ne 
peut @tre que si c’est non pas une exponentielle-polynome quelconque, mais 
une exponentielle pure, de sorte que S est bien une masse ponctuelle, au voisin- 
agedea. Dansce cas, si $* est le sous-module fermé engendré par T, (F%*) ca) 
ne contient que des masses ponctuelles. Plus généralement si T est une dis- 
tribution a croissance polynomiale de degré m, c’est-a-dire produit d’un poly- 
nome de degré m par une distribution bornée, S = §T est, au voisinage de 
tout point a isolé de son support F, une distribution ponctuelle d’ordre < m, et 
(%&*) ce) ne contient que des distributions d’ordré < mdesupporta. Utilisant 
alors le résultat vu pour les supports dans le cas particulier de la dimension 
n = 1, on obtient: 


THEOREME VII. Dans le cas particulier de la dimension n = 1, toute dis- 
tribution T a croissance polynomiale de degré m est limite de combinaisons linéaires 
finies des exponentielles pures exp (2i7 a. x), on a parcourt l'ensemble dérivé de 
son spectre F, et des exponentielles-polynomes de degré { m, P(x) exp (2ira. x), 
on a parcourt les points isolés du spectre F. 


Pour une distribution bornée (m = 0), la synthése harmonique est alors 
possible, avec les exponentielles-pures définies par le spectre. Ce résultat est 
spécial 4 la dimension m = 1; nous ignorons s’il est vrai pour m = 2, et nous 
verrons plus loin qu’il est faux dans R" pour n 2 3. 


12. Equations de composition. Considérons une famille d’équations de 
composition 
12.1 K jaT = 0, 
ot les K; sont des distributions de (©’c), T une distribution de (S’). Les 


solutions T forment un sous-module fermé $* de (S’), orthogonal de l’idéal $ 
de (S) engendré par les as Kj, a € (S). On en déduit: 


TutorEmMe VIII. Pour qu'une distribution tempérée T soit solution du sys- 
téme 12.1, il faut et il suffit qu'elle soit limite, dans (S’) de combinaisons linéatres 
finics d’ exponentielles-polynomes, solutions du systéme. 


Par exemple toute solution tempérée T de l’équation aux dérivées partielles 


l 
12.2 ((1+4))r=0 
4r? 


est limite de combinaisons linéaires finies des exponentielles-polynomes 
(2iwa.x)* exp (2ira.x), of @ parcourt la sphére unité et g = 0,1,2,.../ — 1. 
(Voir équation 7.2.) 





13. Analyse et synthése harmoniques dans L®. II1 est naturellement pos- 
sible de se poser les mémes questions dans d’autres espaces fonctionnels. Le 
probléme le plus classique est celui de WIENER-BEURLING.*® 

SWIENER, Tauberian theorems. Ann. of Math., vol. 33 (1932), 1-100. Bruriinc, Un 
théoreme sur les fonctions uniformément bornées et continues sur l'axe réel, Acta Mathematica, 
vol. 77 (1945), 127-136. 
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L’espace L' est une algébre pour la composition, tandis que L™ est un module 
surcetanneau. Leco-spectre d’un idéal fermé § de L' est l'ensemble des zéros 
communs aux fonctions (continues) de §3; le spectre d'un sous-module faible- 
ment fermé $* de L® est l'ensemble des a € Y" tels que l’exponentielle exp 
(24 x a.x) soit dans §*. (Comme toujours, si $ et * sont orthogonaux, co- 
spectre de $f et spectre de J* sont symétriques.) Le théoréme de WIENER affirme 
que, si ¥ n’est pas L' lui-méme, son co-spectre n’est pas vide; le théoréme de 
BEURLING affirme que si $* n’est pas réduit a {0}, son spectre n'est pas vide. 
Par ailleurs on peut voir aussi que 3% est sirement engendré par les exponen- 
tielles pures exp (27  a.x) oi a parcourt un voisinage arbitraire 2 du spectre F 
de $*. Mais la synthése harmonique est-elle possible avec les seules exponen- 
tielles exp (27 x a.x), ot a parcourt le spectre F? 


14. Identité du spectre-L™ et du spectre-(S’). Tout d’abord le théoréme 
de BEURLING ne résulte pas du théoréme V. Celui-ci affirme que si f(x) € L® 
n'est pas = 0, il existe au moins une exponentielle exp (2i x a.x) qui est adhér- 
ente, pour la topologie de (S’), au sous-espace vectoriel défini par les translatées 
de f; cela ne prouve pas que cette exponentielle soit adhérente au méme sous- 
espace vectoriel pour la topologie faible de L®. 

THEtorEME IX. Le spectre de f € L® dans L™ est identique a son spectre 
dans (S’). 

Le théoréme de BEURLING étant admis, soit F; le spectre de f(x) dans (S’) 
et F; son spectre dans L™; montrons qu’ils sont identiques (donc identiques 
au support de §f). D’abord la topologie faible de L™ étant plus fine que la 
topologie faible de (S’), on a, comme nous Il’avons vu ci-dessus, Fi D Fs. 
Mais si a € F; n’était pas dans F2, on pourrait approcher f dans L™ faible, 
donc dans (@’) faible, par des combinaisons des exponentielles exp (2i x b.x), 
b € Q, Q étant un voisinage de F, dont l’adhérence Q ne contient pas a. Par 
transformation de Fourier, on en déduit que §f serait limite dans (@’) faible de 
distributions 4 support dans Q, ce qui est absurde puisque a appartient au 
support de Ff. 

On voit ainsi que la propriété démontrée par M. BEURLING, suivant laquelle 
f est proportionnelle 4 une exponentielle si son spectre est ponctuel, devient 
évidente. Plus généralement toute distribution de croissance polynomiale de 
degré m et de spectre ponctuel est une exponentielle-polynome de degré m. 
Généralisations évidentes dans le cas d’un spectre fini. Tout cela est un cas 
particulier des considérations développées avant le théoréme VII. 


15. Impossibilité de la synthése harmonique dans L™ sur R" pour n > 3. 
Le théoréme VII ne prouve pas la possibilité de la synthése harmonique dans 
L®™ sur R': car f(x) € L® est limite dans (S’) de combinaisons linéaires des 
exponentielles de son spectre, mais non nécessairement limite dans L™ faible. 

Montrons maintenant® que dans L™ sur R® pour n > 3, une fonction f(x) 
~ Résultat déja publié antérieurement: Sur une propriété de synthése spectrale dans les 


groupes non compacts. Note aux Comptes-Rendus de |’Académie des Sciences, vol. 227 (1948), 
424-426. 





512 LAURENT SCHWARTZ 


n’est méme pas limite dans (S’) faible (et par conséquent n'est pas limite dans 
L® faible) des combinaisons des exponentielles définies par son spectre. Nous 
allons construire une fonction f(x) bornée telle que §f soit une couche double 
portée par la sphére unité de Y"; alors, §f n’étant pas limite dans (@’) faible 
de mesures portées par son support, notre affirmation sera prouvée. Dans ce 
cas, l’approximation de f, qui pourtant est bornée, nécessitera des exponenti- 
elles-polynomes, donc des fonctions non bornées, d’od |’impossibilité de toute 
tentative de synthése harmonique en demeurant dans L®. 

Prenons la mesure uw de masse 1 répartie de fagon homogéne sur la sphére 
unité de Y", et ¥f = -. 

Oy1 


15.1 Fe = Ph) (|x|) J, cna) (2|x}), 
15.2 f = — 2ixx§u. 

Pour |x| tendant vers ©, |J4(n—2)(2x|x|)| = O(|x|)-* d’oad 
15.3 f=)| = O(|x| 4), 


fonction qui est bornée pour m 2 3. Remarquons que #f est solution de 7.2 
pour / > 2, donc f est solution de 12.2 pour / 2 2. 

Au fur et 4 mesure que m croit, on trouvera des f(x) bornées dont I’approxi- 
mation nécessitera des exponentielles-polynomes de degré de plus en plus élevé. 


16. Questions non résolues. 

16.1. Le théoréme III se démontre par dualité 4 partir du théoréme II, 
donc utilise le théoréme de Hahn-Banach. II serait intéressant de trouver une 
démonstration directe et de savoir si toute distribution T d’un sous-module 
fermé est limite d’une suite de distributions 4 support ponctuel du sous- 
module. 

16.2. La synthése harmonique est-elle possible dans L™ sur la droite réelle 
R'? Un théoréme analogue a VII existe-t-il pour m = 2 et la synthése har- 
monique est-elle possible dans L® pour m = 2? 

16.3. Si, pour le produit de composition, on remplace les espaces (S), 
(D’c), (S’), (Om) par (D), (€’), (D’), (© la transformation de Fourier ne donne 
plus directement de résultats. Les théorémes VI et VIII sont-ils valables dans 
les modules (€) et (D’)? Nous l’avons montré pour la dimension m = 1 dans 
un mémoire antérieur’ par des méthodes de la théorie des fonctions analytiques 
d’une variable complexe qui ne semblent pas s’étendre 4 m > 1. 


Université de Nancy 


“Théorie générale des fonctions moyennes périodiques. Ann. of Math., vol. 48 (1947), 857-928. 











Selected from the 
MACMILLAN FALL LIST 


NEW 
R. G. Cooke INFINITE MATRICES AND SPACE $8.00 
TRAVEL 


E. Howard Smart ADVANCED DYNAMICS Vols. I and II each $7.75 
S. Borofsky ELEMENTARY THEORY OF EQUATIONS 4.25 


H. Tetley and 


N. L. Johnson STATISTICS Vol. II $3.75 


E. H. Neville THE FAREY SERIES OF ORDER 1025 $28.50 


FORTHCOMING 


J. C. Burkill THE LEBESGUE INTEGRAL $2.00° 
Cambridge Mathematical Tract No. 40 


W. V. D. Hodge ALGEBRAIC GEOMETRY Vol. II $7.75° 
and D. Pedoe Vol. I available $6.75, Vol. III in preparation 


J. D. N. Gasson MATHEMATICS FOR TECHNICAL $2.85° 
STUDENTS Vol. III 
Vols. I and II already published each $2.85 


A. J. Thompson LOGARITHMETICA BRITANNICA $4.00° 
Part II 20,000 to 30,000 
The ninth and final part published by 
Dept. of Statistics, University College, London 


J. V. McKelvey CALCULUS 2nd. edition $4.50° 
Problems re-written, new chapter on the 
theory of limits, 40 additional figures 


M. H. A. Newman ELEMENTS OF THE TOPOLOGY OF $4.00° 
PLANE SETS OF POINTS 
Re-set, largely re-written, new section on 
orientation of plane curves 


*prices unconfirmed 


THE MACMILLAN COMPANY OF CANADA LIMITED 
70 Bond Street Toronto 2 











